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Abstract. In this note we provide a quick proof of the Sklar’s Theorem on the
existence of copulas by using the generalized inverse functions as in the one di-
mensional case, but a little more sophisticated.

Résumé. Dans cette note, nous donnons une preuve rapide the Théoréme de Sklar
sur l'existence de copule en utilisant les fonctions inverses généralisées en dimen-
sion une, mais dans une forme plus poussée.
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1. Introduction

Let us begin to define generalized functions. Let [a,b] and [c, d] be non-empty inter-
vals of R and let G : [a,b] — [¢, d] be a non-decreasing mapping such that
¢ = inf G(z), (L11)

z€[a,b]

sup G(x). (L12)
z€[a,b]

d

Since G is a non-decreasing mapping, this ensures that

a = inf{x € R, G(x) >c}, (L13)
b = sup{z € R,G (z) <d}. (L14)

If x = a or x = b is infinite, the value of G at that point is meant as a limit. If [a, b]
is bounded above or below in R, G is extensible on R by taking G (z) = G (a+) for
z <aand G(x) = G(b—0) for z > b. As a general rule, we may consider G simply
as defined on R. In that case, a = lep(G) and b = uep(G) are called lower end-point
and upper end-point of G.

The generalized inverse function of G is given by

Yu € [lep(Q),uep(@)], G~ (u) = inf {z € R, G (x) > u}.

The properties of G~! have been thoroughly studied, in particular in
Billingsley (1968), Resnick (1987). The results we need in this paper are gathered
and proved in Lo et al.(2016a) or in Lo et al.(2016b) (Chapter 4, Section 1) and re-
minded as below.

Lemma 1. Let G be a non-decreasing right-continuous function with the notation
above. Then G~! is left-continuous and we have

Yu € [e,d], G(G™ (u)) > u (A) and Vx € [a,b], G~ (G(x)) <z (B)

and
Va € [lep(G),uep(G)], G H(G(z) +0) = . (1)

Proof. The proof of Formulas (A) and (B) are well-known and can be found in the
cited books above. Let us prove Formula (1) for any z € [a, b].

On one side, we start by the remark that G—1(G(x) + 0) is the limit of G=!(G(z) + h)
as h \, 0. But for any h > 0, G1(G(x) + h) is the infimum of the set of y € [a,b] such
that G(y) > G(x) + h. Any these y satisfies y > x. Hence G~1(G(x) +0) > z.
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On the other side G(x + h) \, G(x) by right-continuity of G, and by the
existence of the right-hand limit of the non-decreasing function G~!(o),
G Y G(x + h)) \y G7YG(x) + 0). Since G~Y(G(z + h)) < = + h by Formula (B),
we get that G=}(G(z) + 0) <z as h \, 0. The proof is complete. OJ

The remainder of the note will focus on distribution functions (df’s) and copulas
on R?. For an introduction to df’s, we refer to Lo(2017) (Chapter 11) and for
copulas to Nelsen (2006).

Let us also remind the definition of a distribution function on R¢, d > 1. A mapping
R?+— R is a df if and only if :

(DF1) F is right-continuous
and

(DF2) F assigns to non-negative volumes to any cuboid |a, b] (with a = (a1, ...,aq) <
b= (b1,...,b4) meaning a; < b;, for all 1 <i < d), thatis:

AF(a,b)= Y (-1)*©OF(b+ex(a—b)) >0, 2)

e€{0,1}4

where

(x7y) * (X? Y) = ($1X1,.’II2X2, "'7kak)7

e = (g1, -+ ,eq) runs over {0,1}¢ and s(¢) = 1 + - -+ + £q4.

It becomes a cumulative distribution function cdf or simply a probability distri-
bution function if F' satisfies the third limit conditions (which by the way ensure
that F' is non-negative) :

(DF3a)

az‘,lgighﬂﬁ_oo F(ty,....,tx) =0,
and
(DF3b)

lim F(tl,...,tk) =1.
Vi,1<i<k,t;—+4o00

Journal home page: https:/ /jmfsp.xyz



Lo G.S., Journal of Mathematical Facts and Short Papers, Vol. 1 (1), 2018, pages 19 - 23.
A simple proof of the theorem of Sklar. 22

Now we come to copulas. By definition, a copula on R? is a cdf C whose marginal
cdf’s defined by, for 1 <i < d,

R3 s+ Ci(s) =C | +o0,..., +00, S ,+00, ..., +oo |,

i—th argument

are all equal to the (0, 1)-uniform cdf which in turn is defined by
X — Il[o,l[ + 1[17_;'_00[,

and we may also write, for all s € [0, 1],
Ci(s)=C11,..,1, s 1,1 =s. (3)

~—

i—th argument

Based on the notation above, the theorem of Sklar (1959) is :

Theorem 1. For any cdf F onR¢, d > 1, there exists a copula C on R? such that

Vo e RY, F(z) = C(Fi(x), ..., Fy(x)). (4)

This theorem is now among the most important tools in Statistics since it allows
to study the dependence between the components of a random vector through the
copula, meaning that the intrinsic dependence does not depend on the margins.

In the frame we have set, the proof of the Sklar’s theorem is easily proved in a few
lines, using the properties of generalized inverse.

2. A proof of the Sklar’s Theorem

Define for s = (sq,52, - ,54) € [0,1]9,
C(s) = F(Fy Y (51 4+0), Fy Y(s2+0), -+, F; Y54+ 0)). (5)

It is immediate that C assigns non-negative volumes to cuboids of [0,1]¢, since
according to Condition (DF2), Formula (2) for C derives from the same for F' where
the arguments are the form F, '(c +0), 1 <i < d.

Also C is right-continuous since F is right-continuous as well as each F; !(o +0),
1 < ¢ < d. By passing, this explains why we took the right-limits because the
F;1(o)’s are left-continuous.

Finally, by combining Formulas (1) and (5), we get the conclusion of Sklar in
Formula (4). The proof is finished. O
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