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Abstract. We study a diffusion problem for Markov processes evolving in a do-
main with Wentzell-type boundary conditions at the borb of the domain. Our anal-
ysis focuses on the double boundary behaviour of stochastic differential equations
perturbed by ¢ (parameter of the large deviations ) and J (a parameter of the ho-
mogeneity) which both tend to zéro. By assuming that the parameter of large de-
viations converges faster than the parameter of homogeneity, we establish some
large-deviations-type estimates.
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Résumé (Abstract in French). On étudie un probléme de diffusion pour des pro-
cessus de Markov évoluant dans un domaine avec des conditions de limites de
type Wentzell au bord du domaine. Notre analyse se focalise sur le comportement
a double limite des équations différentielles stochastiques réfléchies perturbées par
¢ (parameétre des grandes déviations) et § (paramétre de ’homogénéisation) qui ten-
dent tous deux vers zéro. En supposons que le paramétre des grandes déviations
converge plus vite que le paramétre de ’'homogénéisation, nous établissons des
résultats de grand déviation.
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1. Introduction

We consider a semi-linear partial differential equations (PDEs in the short) in the
half-space D = {(z1,22,...,24) € R? : 21 >0} with additional boundary condition
on 0D = {(z1,22,...,24) € R? : 21 =0}, that is, for each ¢ > 0 and 4. > 0,

Ous% :
%t (t,2) = Le s, u% (t,z) + f (;,u‘f"sf (t,x)) + %e (xﬂf’&f (t,x)) , ve€D, 0<t
x 1 xT
Do s.u®%(t,z) +h (5,u5’5f (t,x)) + 5—1 (7’11,6’65 (t,x)) =0, xredD, 0<t
€ € £

us% (0, ) = g(x) x € 0D,
(1

where

and
d

d
€ x 0? € z\ 0O z\ 0O
F5,55—520@j (55)5%8%—’—5512/61 (56>axl+% (56> @,xeaD (3)

i=1 =1

Let (L.s.,T.5.) — X®%% be a diffusion process which started at z and moves
the domain D C R according to the differential generator below indexed by two
parameters ¢ > 0 and J. > 0, and on reaching the smooth boundary 8D of D .

The large deviation principle (LDP, in short) in probability theory concerns the
asymptotic behavior of tails following the law of probabilities. It formalizes the
heuristic ideas of the concentration of measures and generalizes the notion of
convergence in law. The pioneering works on this topic were developed by Donsker
and Varadhan in Donsker et al.(1975). The theory of homogenization tries to
understand what equations should be used at a macroscopic level, in order to
approximate the behavior of physical phenomena described at a microscopic level
by equations with highly oscillatory coefficients. This theory has motivated the
development of various notions of weak convergence in analysis, see in particular
Tartar (1990).

The combined effects of homogenization and the so-called LDP in a behaviour solu-
tion of Stochastic Differential Equation (SDE in the short) with reflecting Wentzell-
boundary condition consists in computing the limit as ¢ — 0 of elog P { X%« € B},
where B is a Borel subset of C, ([0,7], D) (i.e., the set of continuous functions on
[0,T] with D-values which take z at zero).
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This problem has been studied for diffusion processes in the case of D = R?
et 8D = ( by Baldi (1991). Further, Freidlin et al.(1999) have generalized the
work of Baldi (1991) to the case when the SDE depend on two parameters in
order to explicit the rate function, and as application to wave-front propagation
by comparing the relative rate between the parameters (three regimes). Later
Coulibaly et al.(2019) have extended the work of Freidlin et al.(1999) with an
approximation of order one at the edge of the domain when 7 = 5 = 0.

Inspired by above works, we propose to pursuit the work of Freidlin et al.(1999)
to the three regime and when we have an approximation of wentzell type at the
edge of the domain. More precisely, we consider only the three regime when the
parameter of large deviations ¢ converges faster than the parameter of homogeneity
§ and we prove that the family of (L. 5., . 5.)-diffusion X% has a large deviations
principle.

The paper is organized as follows. In section 2, we recall some adaptations by cou-
pling homogenization and LDP for a reflected diffusion process with periodic coef-
ficients. In section 3 we give the main result with LDP.

2. Assumptions and definitions

Now we begin with introducing some necessary notations and concepts.

Let us consider an non-empty and complete probability space (2, F,P). We denote
by E the expectation with respect to P and by V the gradient operator. We have
already defined (., .) as the standard Euclidean inner product on R?, and ||.|| as the
associated norm. Let C, (R?,R?) be the collection of continuous mapping from R?
into R¢ which are periodic of period 1 in each coordinate of the argument and let
Illc, (re,ray be the standard superior norm on C (T¢,R?) (the space of continuous

mapping from T¢ into RY). We consider a new defined parameter § = §.. In what
follow, we state some analogue adaptations from Sane et al.(2021) which we will
use in the rest of the paper.

We require the following assumptions:

(H.1) main hypothesis lim % _ “+00.
e—0 ¢
(H.2) L is uniformly elliptic and the matrix a(z) = (a;;(z)) can be factored as o'(z)o ().
(H.3) The functions ¢ : RY — R4 p: R4 — R? and ¢ : R* — R? are smooth and
periodic of period 1 in each variable.
(H.4) T is uniformly elliptic and the matrix a(z) = («;;(z)) can be factored as 7%(z)7 ().
(H.5) The functions 7: 0D (¥ R¥™1) — RE-Dx(@=D 3. 9D (=2 R41) — R~ and
v: 0D (2 R%!) — R? with v'(z) = 1, are smooth and periodic of period one in
each direction.

Remark 1. For 2 € 8D, we note z = (0,29, - - ,z4), and we still set some times that
r = (wg,---,z4) such that x € R4, In most of the sequel, the functions 7 and
B are regarded as d x d-matrix and d-vector respectively with the convention that
rli=7sil =pl =0for1<i<d.
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(Correction here)

Since L. s.u = 0 inside D together with the boundary condition I'. 5. u = 0 on 8D
determines a unique diffusion process X¢° in D which we call the (L. ;. ,I.s.)-
diffusion. We can now write the SDE satisfying by X¢%. Given a quadruple of
processes (B% N9 X% %) defined on the probability space (Q,F,P) such
that

1. B% and N°9’ are d-dimensional processes such that their component pro-
cesses By’ 9 and Np %= are square integrable continuous F;-martingale satis-
fying

- By’ = N3 =0 (1<i<d) and N;*°' = 0;
= (B9, B0 =t (1 <i,j <d);
- (B9 N&0ed) =0 (2<i,j<d);
= (N=0i N&OeoT) = it (2 < d,j < d).
2. <p§"55 is an F;-adapted and continuous increasing process such that

{point of increase of ¢*<} C {t >0: X% = 0,}

3. X% is an F;-adapted D-valued and continuous process satisfying the SDE:

555 e,0¢ €,0¢
dX70 —\/a( )dBfﬁerEb(X; )dt—i—c(X; >dt
£ XE& £ ijs =
+\[T< )dN5+ 6( - >d<pt’6i+’y< . )d%“f, 0<t, "

t
X1 €0 > 0, ©°% is continuous and increasing, / Xsl’e"gi des% =0, 0<t,
0

,0e __
Xy =z,

where X1#:2% denotes the first component of X%, We recall that D = R% x R4-1,
so that X% lives is D, that is, X!®%% remains non-negative and ¢°: increases
when and only when X1%:¢:% equal to zero.

In order to simplify further the exposition, we let C ([0; oo[,R?) be the collection of
functions that are absolutely continuous as mappings from [0; oo into R¢ endowed
with the natural sup-norm

[fllr,s) = sup [ fell-
r<t<s
In particular , we set || f|/o,r] := | f||z for T > 0.

Let f,g € C ([0;00[, RY) be such that

1 [E. 1 [F
lim = 2dt d lim = i ||12dt .

Let ¢ be in C ([0; 7], D) and let ¢ be a continuous process such that both are the
unique solution of the variational representation limit problem satisfying

t ) t
ve=at [ Len (e + o pas+ [ 1ieon (200 + (0.} o
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3. Large deviation principle (LDP)

The aim of this section is to prove that the family of (L. s_,T. s.)-diffusion X%
has a large deviations principle. First let us give the

Definition 1. Let X*<% be a D-valued random variable and let P. ;. denote its
distribution on the Borel subsets of D, that is, P, 5. (A) =P (X®% € A). The fam-
ily {X®%;¢ >0} satisfies a large deviation principle (LDP) if there exists a lower
semicontinuous function I : D — [0, +oc] such that

~ for each open set A C D

. . (E,E,(;g > _
hgl_}(r)lfelog]}” (X €A)> J}rel,fa\ I(x),

— for each closed set B C D

lim sup € log P (Xm’s’és € B) < — inf I(x).
e—0 z€EB

Here, I is called the rate function for the LDP. A rate function is good if for each
a € Ry, {x:I(z) <a} is compact.

Note that by assumption on ¢ and «, these matrix @ and @ are strictly positive-
definite. Then, letting a~! and a~! be its inverse matrix.
For k € {a,a}, we define the norm ||0||,._. = \/(0,x~16).

Vi : D x D — [0,+00[ is the energy function defined as

VL(ya Z) = VI%(?J? Z) + VLQ(ya Z)

where
Vi, 2) = il [ o) el
i ¢ ec([0,L];RY), Jo ’
$(0) = a,
(L) =y
V(0 (8), () =5 (9ls) — e(w(s), @™ @) (s) — e(b(s))]) 5
=5 lls) — (5D 214
and .
Vi(y, = inf 2 .s, s)))do(s
20.2) ¢eC([O,L];Rd),/t) (0(5). 7(6()))de(s)
$(0) = a,
(L) =y
V()2 ((6)) =5 (9(5) = 1((6), 0~ @)(s) ~ 7)) o
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Let 7 : R? — [0, +oc0[, be defined by Freidlin et al.(1999) as:

1 _
J = lim gVL(O,Lz),zeD.

L—+o00

From Freidlin et al.(1999), we know that the random family {X*<%;¢ > 0} satisfies
a large deviations principle with rate function defined as:

T d_Tj( ””)
weC[OnT, / ’ T

We start with the following lower bound in space.

Proposition 1. Suppose the assumptions (H.1) to (H.5) hold. For each open subset
G C D we have
liminfslogP{X”’a’éf S G} >—inf J(z—x) .
e—0 zeG

Proof. Let ¢ € C ([0,1], D) satisfying ¢o = = , ¢, = z. Let us set

>,0c . i €,0e

Xt = \E (Xt wt)

Now fix z € G, p > 0 and let §. > 0 be small enough so that {z eD:|z—7| < 5;17} -

G. Fix also 0 < §. < 4., then

P (X% € G) 2P (X7 — 2| < no.)

(1555 = ¥l (o ) < )
> P (5 0.)2) < 7g2)

=A"

e,0¢

-~ €,0g £,0g 1
and M;* ’ = M* ' _%folqﬁt

variation of M “’*_ We introduce the measure P on (Q, F) defined as:

1 1
dP 1 JXT 1 SX et
— = — (6, M2 - — M)
N (R R (R Y

e e

d <MXE’6E >s and with <MXE’5E >t denotes the quadric
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Notice that
Xs,ég ¢
A, = { s 1255 - 2y <)
0<t<1 5 €

and on this set, we have %fol <w, <MtX§> 1/1> dt<V (¢, e,7m), where
t

R o 1t €,0 ¥s 2
V(,e,n) = sup 5/0 l[vs — By (E +p(8)>‘|a71(‘§—§+p(5))

el <n

C([O,l] ,E)
+ su 1/1 [ —36’65(% +p())II
P 2 Jo TR N TP e ()
{leC([O 1] j) STI}
where
B (2) = ?b(z)—&-c(z) . By (2) = 555(2)”(2’)-

As in Freidlin et al.(1999) (Young’s inequality), there exists constants m, ma, k;
and k2 > 0 such that for all 7 > 0,

1 .
gl = BE% (R )12

. $tp(t)
1 .
<30k (477 = e(GIIE, (o) + W (o)
L 6. (Wt 2
5”% - B, (E + p(t)) ||a_1(%t+p(t))
1 .
< G m) () i =2 (IR () + W2 i)
with
1
W= s k) (i) ke { S ) - o
{Z7Z/€Dr HZfZ/HSn} €
1
W)= sw g mn) () ma { SIS+ ) -
{5,5/€D, |l=—='|<n} E

Observe that W' (e,7,7) and W' (e,n,7) do not depend on our choice of z or z
€ D and

W (e,n,7) =W (e,n,7) + W? (,1,7)

on our choice ¢ € C ([0,1], D) and that lim._g ;0 W (g,7,7) = 0.
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From (7) we have

1

oo [ v Y, B (1)

P (AZ,JE) > exp (—V (¥, e, 77)) X exp

@(Ag&)
ST X
> exp (—V (Y, e, 77)) X exp \EE UO MS];l({Zi]“;E ;dMs } x P (AZ(SE)
Jensen’s inequality
(8)
and _
P (Ag,ae) > exp (—V (%an)) X exp —K\l/? (;Z iw)jkn) x Wes. 9)

Burkholder-Davis-Gundy inequality
where, similarly as in Lemma 4.4 of Freidlin et al.(1999).
k
2 min (1 LB ) ’

~ b \/g
w. =
=0 V2me

Now, we put everything together, rescale the integral on the right of (7), and
¥ € C([0,1], D) satisfying o = z, ¢; = z. Then we have
N D G
_K

P(AZ&)

Z e(% [(1+k17l)(1+7~7)5avi+W(5:77:77):|) « e{ Ve (Wa.éa)l/kS

}><ﬁ@§€ (10)

Thus letting consecutively ¢, é.,  and then 7 tend to zero in that order, we get

lim inflogIP{Xlg’(;E IS G} > —inf J(z—x).
e—0 zeG

The upper bound

Next let’s prove large deviations upper bound. We shall do this by appealing to the
bounds of Norris et al.(1991). For each ¢ > 0, let Lz . be the adjoint of L. 5, and
Iz 5. be the adjoint of T'. 5. with respect to Lebesgue measure on (D, B (D)) and
let {P{ :t > 0} be the semigroup on B (D) the Banach space of bounded and mea-
surable functions defined by the adjoints or operators equipped with the Wentzhel
boundary condition. Then, by virtue of the positivity and periodicity of the coeffi-
cients, for each ¢ > 0 there is a

(Pio)(5) = | P(t.20)o()dnt > 0.2 € Do € 5 (D).
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Thus for any A € B (D) the o-algebra of all Borel subsets of D,
P (Xf’55 € A) - P((VE/5.)%, 2, <)dzt > 0,A € B(D). (11)
A/be 65

Let’s bggin by reconciling the notation of Norris et al.(1991) with ours. Fix also
¢ € B (D) and define, for each ¢ > 0, ¢; := P{¢

| 1@zpa
= =Df(e) (25,00) ()~ [ ) (T2, 00) ()
—— [ (L) Gods [ (€00 ot
= /D {<Vf,v¢t>ga,sg - f<b€’5f,v¢t>aa,és — & <E>€’65,Vf>a5)55 B f¢t} (2)dz

+/6D {<vf, Vouges. — 1 (8°%.V00)  — o (57", VF)

of

- 75’5€f¢>t}- (12)

The underlined coefficients are explicitly chosen taking into account (4). As in
- € S 755 . (58

Norris et al.(1991) the coefficients b, bg’é , QE";E, ég grow like . when ¢, 6.

tend to zero. We will take

2% () = %a(2)7 =5 (2) = —% (‘i) div (c+ ‘ib) (2)

afide

(13)
b (2) =a " <b + 5;0) (2), 66’56(2) =—a ! <b + %c) (2) + a~ ! (div(a))" (2)
and thus
0 (5) = gale), 1°0(2) =3 (2 ) aiv (5 + £5)
(14)
(SE AE,0¢ _ (Sg _ . *
5@ =a (54 29) (6 5@ = o (5459 ) ()4t divte)” )
Next, for each ¢, 6. > 0 and ¢ < 0, we define the quasi potential
L S | - (255 [0 5] (@0)laeser 2o
tyec(to:D), |
P(t) =y,
$(0) = z
1 o ~€,0
+= inf Yo — (% |87% = 3777 |) (V)| (a0 )1 () dbs-
o, £ )
U(t) =y,
$(0) =z
(15)

Thanks to these preliminary results, we are now in the position to investigate the
upper bound in space.
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Proposition 2. Suppose the assumptions (H.1) to (H.5) holds. For each closed sub-
set F' C D we have

: :E,E,(SE < _ 3 _ .
hmsupslogIP’{X e G} < zlggj(z x)

e—=0
Proof. First, let us observe that
~€,0¢

K
pede < _—t(l —t suB{HbE"SEHz +1b

< s e [ e P 1 [
zeD

~g,0c
87 s + I e, + € (t,2,1) )
X exp { (—t sug{iufsf BRI + BT e +f"55} — £ (1, J)) } -(16)
zeD

Taking into account (13) and (14) we have,

1+ % (6? + 1)t +E9%(t,2,y)

1)
€,0¢ Z€ _ €,0c _
P < K g Xexp{K(E—l—l)t g5 ( t,z,y)}.
(17)
From (11), we have
P (Xf";f e A) = Pe((VE/5.)%, 2, =) dz
A/de 55
<6zt [ P((vE/e)?t, 2, Dz, (18)
A/be 55 55
by scaling property
Then we have by (17),
da
L+ (B )P+ 0% 88\
P (X7 € A) < Ko / (¥ 1) — R
4 (532 (19)
O Ve €,6¢ Ve z
cexp { k(% +1) (P e -(OR £

Thus on can see that

L
wsee (<22 )~ fumav, (2.20): w [Cr
imagee (057 £ F) = oe{ ooy (F50) i [

Morever, this limits is uniform for z in any compact subset in D.
Another remark is that for some positive K; and K,,

€ \/g 2 Z X ’ ’
eE5°% <_(6€) 50 > K|z —z|* — K.
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Finally, by a Laplace-type argument we get,

. . . /| e €\2
fmsipelog (X7 € G} <~ int 7 (=) + Iy 1 | =+ ()]

< —inf J(z—x).
z€F

4. Conclusion

We have used the general expression of a function for a family of stochastic equa-
tions with a second-order approximation at the edge of the domain to generalize
the work of Freidlin et al.(1999) with respect to three regime. We present the main
result in Section 3, that is, the large deviation principe for the family of (L. s_, T s.)-
diffusion X9, Since we are interested in the process trajectory with probability
measures, such results may have implications for both random optimization and
statistics when studying trajectories for density estimates or regression problems.
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