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Abstract In this paper we establish a general asymptotic representation (GAR) of
the S-Gini index of inequality J(v), v > 2, using the functional empirical process
(fep) and the Lo’s residual functional empirical process introduced by Lo and Sall
(2010a) and Lo and Sall (2010b), abbreviated Irfep.
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de Lo introduit par (Lo et Sall (2010a)), et (Lo et Sall (2010b)), abrégé Irfep.
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1. Introduction

It is common in Statistics to estimate parameters and to study the asymptotic
behavior of the estimators. In that sense, approaches based on the functional
empirical processes (fep) can be applied to a number of statistics and indexes,
that are used in Mathematical Statistics and in many other disciplines (see, e.g.,
Zeng (1997); Foster et al. (1984); Kakwani (1980) and Sen (1976)).

The first attempt of having a common frame for the asymptotic theory of those
statistics was done in Lo (2013), where the real-valued empirical processes are
used. Later, the combination of the fep with the so-called residual empirical
process - that has been later turned into a functional form named residual
Jfunctional empirical process - started a new and global approach that provides
general asymptotic representations (GAR) in the fep for a huge class of indices
arising in many fields (see, e.g., Mergane et al. (2018a) for Gini’s inequality index).
More details can be found in Lo et al. (2023).

In this paper, we use the described approach to provide a GAR for the S-Gini
based on the functional empirical process (fep) and the Lo’s residual functional
empirical process introduced by Lo and Sall (2010a) and Lo and Sall (2010b),
abbreviated lrfep.

The layout of the paper is as follows. We define and discretize the S-Gini index of
inequality in Section 2. In that section, we also give some reminders on empirical
functions. The results on the GAR are given in Section 3 and their proofs in
Section 4. We conclude the paper in Section 5.

2. Definition and discretization of the S-Gini index

The S-Gini index is a variation of the traditional Gini coefficient, which is a
measure of inequality. While the Gini coefficient is widely used to measure income
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or wealth inequality within a population, the S-Gini coefficient introduces a
parameter that allows for more sensitivity to changes in different parts of the
income distribution.

Let X > 0 be an income variable with cumulative distribution function cdf F,
F(0) = 0 and let Q(o) = F~!(o) be the quantile function and let v > 0. The S-Gini in-
equality index with parameter is defined us follows in Zitikis and Gastwirth (2002):

Let us suppose that we have the income observations X1, X, ... on the same prob-
ability space (92, A4, P), independent with Px common probability characterized by
uscdf Fx =F.

Let p, = %ZX]», n > 1, be the sample X;,..., X, and p = E(X) the exact mean
j=1

that is assumed to be finite. The most used empirical expression of the Gini index
(GI) from the sample of size n > 1 is:

1 /251
GI, = S ( J = 1> Xim, (1)
Mhn S n

where 0 < X, < ... < X,, is the order statistic associated with the sample. From
Zitikis and Gastwirth (2002), a theoretical expression is:

_i Iy
GI = 5 E(X'— X", @)

where X’ and X" are two independent copies of X. From the asymptotic as in
Mergane et al. (2018b) and Lo et al. (2023) (in the current issue of this journal),
we also define it as:

E(X@2F(X)-1))
E(X)
In Gisbert and al. (2010), we can found a remarkable study of properties, the

strengths and weaknesses of the GI alongside interesting ways to improve it as
well a significant list of related references is given therein.

GI =

Here we want to quickly go to our point by remarking, as Gisbert and al. (2010)
recalled from Donalson and Weymark (1983) that the GI can be written as:

1 n
Gl =1-——> a;Xn_js1m; (3)

py a7t
j=1

(which is an equivalent writing of Formula 9 is Gisbert and al. (2010)) for
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a; =25—1, 1<j5<n.

The statistic at the right hand of (3) is defined as given in Gisbert and al. (2010),
page 6. In the frame of current project, we are concerned with the asymptotic
representation through the fep and irfep of J(v).

The asymptotic theory of the J(v) seems to be investigated very recently, in partic-
ular in Xu (2000) for the computation of the asymptotic variance and Zitikis and
Gastwirth (2002) for a general central limit theorem using the expression:

Jw)=1— ;/0 FY(w)(1 - u)"'du 4)

(see also Yitzhaki (1983)).
Let us now discretize the index in (4) by plugging in the empirical quantile function
in J(v) as below. Let X;, X», ..., be independent copies of X and for n > 1, we

consider the order statistics of the sample

Xon =0< X1 <...< X0 < Xpq1,n = +o00.

The empirical mean is

and the empirical quantile is defined by @,,(0+) = X; , and for 0 < s < 1,

<s<l jeq1,.. n.
n

Qn(s) = XJ}”’ if]

We have

1
Jaw) = 1- 2 [ Quu)(1 —u)’'du

Hn Jo
Hn Vo Q v—
- 7_72/ Qn(u)(1 —u)" tdu
Hn M 7 Sz
J]1= n
1 n A
. _ " . _ v—1
= hn VZ/gX’n(l w)’ " du
j=1 n
1 n A
= — < iy — VZXjn/ (1—w)"du
Hn j=1 =
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We have
/jnl(l—u)”_ldu:—i{(l—i) —(1—];1) } (5)

Thus,

Jn(u)zn;né(l—i—n{(l—i)y— (1_j;1)”})xj,n. ©)

Our objective is to obtain the General Asymptotic Representation GAR using the
functional empirical process (fep) and the Lo residual empirical process (lrfep).

Before we go further, we need some recalls for stating this objective. Next, we will
describe our results and comment one the signification of v as suggested by our
study.

Recalls on the empirical functions

In this part, we complete the notations we already gave and specify our probability
space.

The notation below concerns the univariate random distributions. We are going to
describe the general Gaussian field in which we present our results. Indeed, we
use a unified approach when dealing with the asymptotic theories of the welfare
statistics. It is based on the Functional Empirical Process (fep) and its Functional
Brownian Bridge (fbb) limit. It is laid out as follows.

When we deal with the asymptotic properties of one statistic or index at a fixed
time, we suppose that we have a non-negative random variable of interest which
may be the income or the expense X whose probability law on (R, B(R)), the Borel
measurable space on R, is denoted by Px. We consider the space F of measurable
real-valued functions f defined on R such that

Vi(f) = / (f — Ex(f))2dBx = E(f(X) — E(f(X))? < +oo,

where

Ex(f) = Ef(X).
On this functional space F, which is endowed with the L,-norm

1/2
1£]l, = ( / deHDX) ,
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we define the Gaussian process {G(f),f € F}, which is characterized by its
variance-covariance function

2
I(f.g) = / (f — Ex(N)(g - Ex(9))dPx, (f,g) € F>. @)

This Gaussian process is the asymptotic weak limit of the sequence of functional
empirical processes (fep) defined as follows. Let X3, X»,... be a sequence of inde-
pendent copies of X. For each n > 1, we define the functional empirical process
associated with X by

Gull) = <= S (%) ~Ef(X).f € F.

and denote the integration with respect to the empirical measure by

Bu(f) =+ > f(X0), € F,
i=1

Let us denote by ¢>*(T) the space of real-valued bounded functions defined
on T = R equipped with its uniform topology. In the terminology of the weak
convergence theory, the sequence of objects G,, weakly converges to G in /> (R), as
stochastic processes indexed by F, whenever it is a Donsker class. The details of
this highly elaborated theory may be found in Billingsley (1968), Pollard (1984),
van der Vaart and Wellner (1996) and similar sources.

Here, we only need the convergence in finite distributions which is a simple
consequence of the multivariate central limit theorem, as described in Chapter 3
in Lo et al. (2016).

We will use the Rényi’s representation of the random variable X;’s of interest by
means of the (cdf) F of X as follows:

X =4 F7YU),

where U is a uniform random variable on (0, 1), =4 stands for the equality in dis-
tribution and F~! is the generalized inverse of F', defined by

F~Y(s) = inf{z, F(z) > s}, s € (0,1).

Based on these representations, we may and do assume that we are on a probability
space (2, .A,P) holding a sequence of independent (0, 1)-uniform random variables
Ui, Us, ..., and the sequence of independent observations of X are given by

X, =FYU), Xo=FU), etc. (8)

For each n > 1, the order statistics of Uy,...,.U, and of Xi,.., X, are de-
noted respectively by 0 = Uy, < Uin < -+ < Upn < Upy1n = 1 and
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—inf = Xop, < X1p <+ < Xy < Xpt1n 0 = —inf = X, for a non-negative
random variable X).

We also associate the sequence of (U,,),>; with the sequence of real-argument em-
pirical functions

1
Un(s) = ﬁ#{J}l <j<n Uj<s} s€(0,1), n>1 9)
_ vy 10
- Zn (Uj,nSS<U]+l,n)7 ( )
Jj=1

and the sequence of real-argument uniform quantile function

Va(s) = Ur,nl(s=0) + ZUj,nl((jfl)/n<s§(j/n))> s€(0,1), n>1 (11)

j=1
and next, the sequence of real-argument uniform empirical processes
an(s) = vn(U, — s), (12)

for s € (0,1) and n > 1, and the sequence of real-argument uniform quantile pro-
cesses

Yu(8) =Vn(s—V,), s€(0,1), n>1. (13)

The same can be done for the sequence (X,),>1, and we obtain the associated
sequence of real empirical processes as

Gn,r(x) = \/E(FW(I) - F(I)) ,zeR, n>1, (14)
where

1
Fu()= —#{j1<j<n X;<a}, 2€R n>1 (15)

is the associated sequence of empirical functions. We also have the associated
sequence of quantile processes

Qn(z) = Vi (IF(_nl)(s) - F*l(s)) s (0,1), n>1 (16)
where, for n > 1,
F:Ll(s) = Xl,nl(Ogsgl/n) + ZXj,nl((j—l)/ngsg(j/n))a s € (07 1); (17)
j=1
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is the associated sequence of quantile processes.

By passing, we recall that F,,! is actually the generalized inverse of F(,,) and for the
uniform sequence, we have

V, =U,"% (18)

In virtue of Representation (8), we have the following remarkable relations

Gnr(z) = an(F(x)), z€R (19)

and

Qun(z) = Vn (FH(V,(s)) — F~'(s)) s€(0,1), n> 1. (20)

We also have the following relations between the empirical functions and quantile
functions

F,(z) =U,(F(z)), z€R (21)

and

F, ' (s) = F71(V(n)(s), s€(0,1), n> 1. (22)

n

As well, the real-argument and function-argument empirical processes are related
as follows: for n > 1,

Gn,r(x) = Gn(f;)a an(s) = Gn(fs)’ s € (07 1)7 z €R, (23)

where for any =z € R, f; = 1j_o,) is the indicator function of | — oo, z] and for
€(0,1), fs = L{0,s] and f; = 1]_0071:—1(3)].

To finish the description, a result of Kiefer-Bahadur (See Bahadur (1966)) that
says that the addition of the sequences of uniform empirical processes and quantile
processes (12) and (13) is asymptotically, and uniformly on [0, 1], zero in probability,
that is

sup |an(s) + vn(s)| = op(1) as n — +o0. (24)
s€[0,1]
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3. General Asymptotic Representation of the S-Gini index

3.1. Our Objective

Based on the notation above, we may say that we search the GAR in two steps.
First, we want to put the statistic J,(v) in the form

Jn(y):l{i 3 h(xj)+% 3 <IF,L(XJ-)—F(Xj)) q(Xj)}+0]p(n1/2), (25)

o AT S5 1<G<n
From there, as in Lo et al. (2023), we need the following conditions:
(CRel) Eq(X) < +o0;

(CRe2) and, as n — +o0,

(H2G) /O V(5 — V(5)) An(g, 5) ds — 0

with
Anlas) ={a(F ) ~a(F ) |, se 0

Then under ((CRel)) and (CRe2), the GAR is turned into

EH(X)

In(v) = .

1
+ 026Gy (h) + 02 / Gn(fs) Us) ds+op(n™"/%),  (26)
0

with

f:,. = 1],001F71(S)], S € (O, 1) (27]

Let us describe our results. Here, we focus the study on integer values of v > 0.
Since J(1) = 0, our study holds only for » > 2. We study the case v = 2 and the
case v > 2. The first case corresponds to the Gini index et we obtain the results in
Lo et al. (2023) (of this series in particular). Finally for » > 2, and under specified
conditions, mainly on the moments, we obtain the GAR (26) with the associated
parameters and functions:
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H(z) = {1 (- F(x))”*l} x 28)
ha) = =0 = i BH(X)hi ()

hp(x) = 2P, p>0

r) = V(U_]‘) _ T U—2x
o) = =00 - )
fs) = —a(r(s) = =D o),

(29)

Besides, the results remain valid for real values v > 2. We obtain the S-Gini as
expressed in terms of cdf and not in terms of the quantile function. Generally, the
method fep-Irfep provide an expression in terms of the cdf, what may be called
the direct expression as opposed to the indirect expression that uses the quantile
function.

Here, the direct expression allows us to easily see the impact and the effect of the
parameter v in

J(v) :IEJ<X(1 —v(1 —F(X))”1)>. (30)

We can see that

+oo
Jv) = /0 r(1—v(l— F(x))” 1) dF(z)
+oo +oo
= / x dF(z) — 1// (1 — F(x))"™ 1) dF(z)
0 0

pv [ 2 (- Fy)
- y{ [_f ((1 - F@))V)]:OO 4 /0+°° %(1 _ F(2))” dm}.

For distributions in the Gumbel domain of attraction, for example, we have [z(1 —
F(2))"]s=+00 = 0. For example, this holds for the exponential case with 1 — F(z) =
e~* ®, For Pareto-type distribution 1 — F(z) = 2~'/7, 4 > 0. The mean y exists (and
then J(v)) only if v < 1. In that case, we also have

21— F(2)) lomtoe = [0 s = 0, for v> 1.
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In such a case, we have

“+oo
J) = _/ (1— F(z))" da.

0

Interpretation. Now we clearly that J(v) gets greater with v. Since the inequality
measure increases with v, that latter parameter can be interpreted as an aversion
of inequality due to its role in emphasizing the inequality with a more noticeable
value.

Here, we did not study the case v €]0, 1] that should be interpreted as an aversion
to equality by undermining the inequality measure value. We will focus in this case
in a next work.

3.2. Our results

Results of v = 2.

First let us re-discover the GAR of the Ginis index, i.e. for v = 2. Let
H(z) = (2F(z) — 1)z for z € R and {(s) = —2F1(s) for s € [0,1]. We need the
following assumptions:

(HO) E|X| < c0.

(H2) EX? < o0.

(H22) As n — +o0,

/ s (F (Va(s)) - <F—1<s>)ds N

Theorem 1. [f the hypotheses (HO) and (H22) hold, then we have

(@) = BHE) |12 ) 412 /1 Go(f)(s) ds +0s(n™ V), (31)
K 0
where
hi(z) ==
H(z)= (2F(z) — 1z
Ls) = ﬂ, zeR, s€(0,1).

Journal home page: http:/ /www.jafristat.net, www.projecteuclid.org/euclid.as,
wwuw.agjol.info/afst. This issue was open until September 1, 2024



Special issue of the statistical applications of the fep and the Ilrfep to nonparametric
estimation. E. Kpatcha, T.A. Kpanzou and D. Ba, Afrika Statistika, Vol. 18 (3), 2023,
pages 3603 - 3621.

Asymptotic representation of S-Gini index in the fep-Irfep and application. 3614

Next, we have

Theorem 2. Define

H(z) = {1—1/(1—F(9;))”_1}x (33)
h(z) = L p2EH(X)hy (2)
hy(z) = ", p>0

o) = = - )y

fs) = —aF () = =1 a2,

(34)

Suppose that hypotheses HO, (H22) and (H2G) hold. For v > 0, we require (H2). Then
we have

Ja(v) = F‘H/j)() 12 (Gn(h) + /O G (J)l(s) ds + 09(1)) (35)

4. Proofs of the results

Let us begin the proofs by general computations for all cases v > 0. Let us follow
Lo et al. (2023) in deriving the GAR of J,(v) as defined in (6). We recall that

J

VI<j<n, Fu(X;,) =%

Let us transform J,(v) as follows, where we apply the mean value theorem (MVT)
in Lines (La), (Lb) and (Lc),
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1 n v 1 v
Ja(v) = TZ l—n|—(1-F(X;n) ) +(1-F, (Xj,n)+ﬁ Xin
St
1 n en v—1
= Z 1+v 1—Fn(XJ’n)+7 Xj,n
i =
1 - v—1
= — 1 1-F,(X;n Xin
W;{ v (1= Fu(X;n)" ' } X,
1 - en vt v—1
T Z —v{ (1= Fu(Xjn) + o — (1= Fa(Xjn)) i (La)
Hn =1
1 - v—1
= — 1—-v(1l—-F(X,, Xin
— g{ v (1= F(X,) 7 X
j I~ . .
+ oS {0 R - - P )|
i =
1 = en vt v—1
+ ™ S v (1= Fu(Xjn) + — (1= Fu(Xjn)) Xjn (G1)
j=1
1 n b
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1 - v—1
= — > (1-v(1=F(X;0)""" ) Xjm
Npn, £
Jj=1
V(I/ _1 n v—2
+ - Z Fo(Xjm) = F(Xjn) | (1= F(Xjn) Xjn
(L

v(v—1) <= b, 0,\" >
—75 - 1-F(Xjn Xjn-
Nn = n < ( 5 ) n) >

where 0,, and 6,, are random numbers in |0, 1] and

5j,n = (Fn(XJ’n) — F(Xjn)), 1 S] S n.

Now for ¢;(x) = v(v — 1)(1 — F(x))" 22, and H(z) = (1 — v(1 — F(x))* Yz, for z € R,
we get

1) = - (Bul) + Reala) + Ral) 4 Ro2)), (36)
with
Bu(H) = S H(X;0),
j=1
Renli) = &30 (F(X50) = FOG Jr (X0
j=1

X { (1 — F(Xjn) + 9n5jyn) H— (1 - F(Xj,n)yz) }

v(v—1) <= b, 0,\"""
Rn(2) = *% > e (1 — Fu(Xjn) + n) Xjn-
i=1
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Now, let us divide the proofs into two cases, based on the value of v € [2, +o0].

(C1) Case v = 2. Back to the Gini index. Proof of Theorem 1. Here, we are trying
to join the computations in Lo et al. (2023), page 3547 and hence get the same
conclusions. For v = 2, we have

H(z) = (2F(z) — Dz, q1(x) =2z

and

In2) = (5 Y HOG) + 2 3 (Fu) = FOG0 (X)) = o x 2 3 (3.

It clear that the absolute value of
0, —
- Z a1 (Xjn)-
Jj=1

is less than

1 n

- Z |1 (Xjn)]-

j=1

Using the weak law of large numbers with Assumption (HO), and by the fact that
1 1

. = E(E(X) +op(1))7t = Op(n™1), we get
3@ = (23 G + 5D (B ()~ P )0a (X)) + Ol ™),

From here, we join the computations in Lo et al. (2023) in page 3547. Hence we
conclude as in it under (HO) and (H22), ending the proof of Theorem 1.

(C2) Case v > 2. Proof of Theorem 2. Consider Equation (36). Let us begin to handle
R, (2). The function in j € {1,--- ,n}

On

is decreasing and takes the values 1 — (1 —#6,,)/n at j = 1 and 6,,/n at j = n, which
are both in [0, 1]. Since v — 2 > 0, we have that

v—2
0 g(l — Fo(Xjn) + 9”) <1
n
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and hence
viv—1 1 <
e C 1))
j=1

So, given (HO), we have that R,(2) = Op(1/n). Now to treat R,(1), we recall the
Kolmogorov-Smirnov law that applies to

D,, = supv/n|F,(z) — F(z)| — Z,
T€eR

we have, for z > 0,

oo

P(Z <z)=1-2) (=1)"""exp(—2h%2%).
h=1

We conclude that

L, = sup |max(0,0;,,0;,) = Op(nfl/z). (37)

1<j<n

Let us denote

V, = max |(1 — F(Xjn) +0,6,0)" 2 — (1 - F(X;,)" 2 (38)

1<j<n
= max (1~ Fuo(Xjn) +0,870)" 72 = (1= Fu(Xjn) +050)" "

1<j<n

(39)

with 0, = (1 +6,,). Now we have, for any ¢ > 0, for A > 0,
P(V, > ¢) = P<{Vn >eln{2L, < Aﬁ}) + ]P’({Vn >eln{2L, > )\\/ﬁ}> (40)
< P({Vn > e} n{2L, < )\\/ﬁ}) + ]P’<{2Ln > /\\/ﬁ}> 41)

Now, by (37), (2L,,)/+/n is bounded in probability, and then for any » > 0, there exist
Ao > 0 and ny > 1 such that for any n > ng,

A,(2) = P{2L, > dov/n}) <n. (F1)
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Next
> 5) .

For n big enough with n > ng, A\o/+/n is less than 2 and for z € [0,1], 1 4+ A\o/v/n < 2,

we get
>¢)

for n big enough, since by uniform continuity of the function z — z*~2 on [0, 2], as
n — +o00,

An(1) < IP’( sup (z +2Xov/n)" "2 — 22

z€[0, 14+Xo//n]

(EU_2 o yl/—2

IA

An(1)

]P’( sup
(z,y)€l0, 2]2a ‘Ji—ylgz\o/\/ﬁ
= O,

sup
(z,y)€l0, 212, |lz—y|<A/Vn

Then, for any n > 0, for n big enough,
P(V, >¢) <n,

so that V,, = op(1). Finally

Rnu)\ < op(n~V/2) Ren(q2),

for go(z) = z. From Lo et al. (2023), Re,(q2) = Op(1) for E(X?) finite. Finally, under
(H2),

‘Rn(l)‘ = op(n~Y/?).

So, we get

In(v) = E(X) + nEl/QGn(hl) <EH(X)) + n71/2Gn(H) + Ren((h) + OP(nl/Q)

which gives

1 ~ _ 1z _
Ja(v) = E(XHnl/an(hl)(]EH(X))m V2@, (H)+n 1/2/0 Gn(fs)l(s) ds+op(n 1/2>.

Finally, we get the GAR in (35), ending the proof of Theorem 2. B
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5. Conclusion

In this paper we have established a general asymptotic representation (GAR)
of the S-Gini index of inequality J(v), v > 2, using the functional empirical
process (fep) and the Lo’s residual functional empirical process introduced
by Lo and Sall (2010a) and Lo and Sall (2010b), abbreviated Ulrfep. This serves
as a basis to studying asymptotic normality of the nonparametric estimator of J(v).
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