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Full Abstract. The objective of this paper is to establish a general asymptotic rep-
resentation (GAR) for a wide range of statistics, employing two fundamental pro-
cesses: the functional empirical process (fep) and the residual functional empirical
process introduced by Lo and Sall (2010a, 2010b), denoted as lrfep. The functional
empirical process (fep) is defined as follows:

Gn(h) =
1√
n

n∑
j=1

{h(Xj)− Eh(Xj)},

[where X, X1, · · · , Xn is a sample from a random d-vectors X of size (n + 1) with
n ≥ 1 and h is a measurable function defined on Rd such that Eh(X)2 < +∞]. It is
a powerful tool for deriving asymptotic laws. An earlier and simpler version of this
paper focused on the application of the (fep) to statistics Jn that can be turned into
an asymptotic algebraic expression of empirical functions of the form

Jn = Eh(X) + n−1/2Gn(h) + oP(n−1/2). SGAR

However, not all statistics, in particular welfare indexes, conform to this form. In
many scenarios, functions of the order statistics X1,n ≤, · · · , ≤ Xn,n are involved,
resulting in L-statistics. In such cases, the (fep) can still be utilized, but in combi-
nation with the related residual functional empirical process introduced by Lo and
Sall (2010a, 2010b). This combination leads to general asymptotic representations
(GAR) for a wide range of statistical indexes

Jn = Eh(X) + n−1/2
(
Gn(h) +

∫ 1

0

Gn(f̃s)`(s) ds+ oP(1)

)
, FGAR

where f̃s = 1]−∞,F−1(s)] is the indicator function of the interval ] −∞, F−1(s)] of R,
h ∈ L2(PX) and `(◦) is a measurable function of s ∈ (0, 1). Such representations,
when associated with copulas, provide a robust framework for comparing indices
over the time or across different areas. The comprehensive theory is presented
alongside explicit examples, facilitating the utilization by researchers.
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Résumé. (French abstract). L’objectif de cet article est d’établir une représentation
asymptotique générale (RAG) pour un large éventail de statistiques, en utilisant
deux processus : le processus empirique fonctionnel (fep) et le processus empirique
résiduel introduit par Lo et Sall (2010a, 2010b), abrégé sous le nom de lrfep. Le
processus empirique fonctionnel (fep) est défini comme suit :

Gn(h) =
1√
n

n∑
j=1

{h(Xj)− Eh(Xj)},

[où X, X1, · · · , Xn représentent un échantillon d’un vecteur aléatoire (de longueur
d) de taille (n + 1) with n ≥ 1, et h est une fonction mesurable définie sur Rd telle
que Eh(X)2 < +∞]. Ce processus est un outil puissant pour déduire les propriétés
asymptotiques. Une version antérieure et plus simple de cet article se concentrait
sur l’application du fep aux statistiques Jn qui peuvent être transformées en une
expression algébrique asymptotique des fonctions empiriques sous la forme :

Jn = Eh(X) + n−1/2Gn(h) + oP(n−1/2). SGAR

Cependant, toutes les statistiques, en particulier les indices de bien-être, ne suiv-
ent pas cette forme. Dans de nombreuses situations, des fonctions des statistiques
d’ordre X1,n ≤, · · · , ≤ Xn,n sont impliquées, ce qui donne naissance aux statistiques
L. Dans de tels cas, le fep peut toujours être utilisé, mais en combinaison avec le
processus empirique résiduel associé introduit par Lo et Sall (2010a, 2010b). Cette
combinaison conduit à une représentation asymptotique générale (GAR) pour un
large éventail d’indices statistiques :

Jn = Eh(X) + n−1/2
(
Gn(h) +

∫ 1

0

Gn(f̃s)`(s) ds+ oP(1)

)
, FGAR

où f̃s = 1]−∞,F−1(s)] est la fonction indicatrice de l’intervalle ] − ∞, F−1(s)] de R,
h ∈ L2(PX), et `(◦) est une fonction mesurable de s ∈ (0, 1). De telles représentations,
lorsqu’elles sont combinées avec les copules, fournissent un cadre solide pour la
comparaison des indices au fil du temps ou entre différentes zones. La théorie
complète est présentée avec des exemples explicites, facilitant son utilisation par
les chercheurs.
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1. Introduction

There is a huge number of statistics and indexes, that are used in Mathematical
Statistics and in many other disciplines, whose asymptotic behaviour can be
studied in a unified approach based on the functional empirical processes. For
instance, indexes of poverty have been extensively used in Ecometrics. A detailed
survey of them is available in Zeng (1997), including simple ones as the Foster,
Greer and Thorbecke index (See Foster et al. (1984)) and most elaborated ones
such as the statistics of Kakwani (1980) and Sen (1976) (Economics Nobel prize
winner). The first attempt of having a common frame for the asymptotic theory
of those statistics was done in Lo (2013). However, the approach in that paper
uses the real-valued empirical processes. Later, it was realized that the rightest
approach would rely on function-value empirical process, i.e., the functional
empirical process (fep). The combination of the fep with the so-called residual
empirical process - that has been later turned into a functional form named
residual functional empirical process - started a new and global approach that
provides general asymptotic representations (GAR) in the fep for a huge class of
indices arising in many fields. (GAR)’s have been already provided in a number of
papers, in particular in Mergane et al. (2018b) for Gini’s inequality index, Mergane
et al. (2018a) for the class of Theil indexes. These GARs have proved to be very
effective in addressing the decomposability of statistics topic by tackling the lack
of decomposability as in Haidara et al. (2018). The main reason of the success of
the fep is its linearity property that the real-valued empirical process fails to have.

We feel that this method of GAR’s in the fep is not sufficiently exploited and it is
even unknown by the great public of applied researchers. In that sense, the main
motivation of this paper is to provide a new and global exposure of this method
to researchers in order to show them how to apply it in specific cases and to give
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explicit examples of usage.

At the same time, a number of applications in a series of papers will follow in the
special number of this journal. Another paper on statistical computations and
related packages will be published. That sample of cases, more or less numer-
ous, will be the beginning of a general handbook that will be handed to researchers.

What is very amazing is that, despite its power, this technique does not need
the heavy weapons of functional weak convergence such as Donsker classes,
Vapnik-Chervonenkis theory (see Vapnik and Chervonenkis (1971)) or entropy
numbers, etc., nor the contents of books like van der Vaart and Wellner (1996),
Gaenssler (1983) or in Pollard (1984) or alike texts. Actually, we only use our
tools at the finite-distribution level, where the functional empirical processes can
be reasonably easy to use without heavy theories.

Accordingly, we will organize the rest of the paper as follows. In next section (Section
2), we describe the fep, justify it and consider a case study on a non-trivial example.
Namely, we will entirely show how the method works for the plug-in estimator of the
linear correlation index between two random variables. In Section 3, we introduce
the lrfep, give the conditions ensuring its weak convergence. In Section 4, we use
the Gini’s index as a study case for applying the recommendations in the previous
section. In Section 5, we make a final summary of the whole method and give final
remarks and recommendations.
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2. The Functional Empirical Process and applications in finding a simple

(GAR)

2.1. The functional empirical process (fep)

Let us begin by introducing the fep and describe its asymptotic representation.

What is the fep?.

Let Z1, Z2, ... be a sequence of independent copies of a random variable Z defined
on the same probability space with values on some metric space (S, d). We define
for each n ≥ 1, the functional empirical process by

Gn(f) =
1√
n

n∑
i=1

(f(Zi)− Ef(Zi)),

where f is a real and measurable function defined on R such that

VZ(f) =

∫
(f(x)− PZ(f))

2
dPZ(x) <∞, (1)

which entails

PZ(|f |) =

∫
|f(x)| dPZ(x) <∞. (2)

We denote by F(S) - F for short - the class of real-valued measurable functions
that are defined on S such that (1) holds. The space F , when endowed with the
addition and the external multiplication by real scalars, is a linear space. Next, it
is remarkable that Gn is linear on F , that is for f and g in F and for (a, b) ∈ R2, we
have

aGn(f) + bGn(g) = Gn(af + bg).

We have this result.

Lemma 1. Given the notation above, then for any finite number of elements f1, ..., fk
of F , k ≥ 1, we have

t(Gn(f1), ...,Gn(fk)) Nk(0,Γ(fi, fj)1≤i,j≤k),

where
Γ(fi, fj) =

∫
(fi − PZ(fi)) (fj − PZ(fj)) dPZ(x), 1 ≤ i, j ≤ k.
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Proof. It is enough to use the Cramér-Wold Criterion (see for example Billingsley
(1968), page 45), that is to show that for any a =t (a1, ..., ak) ∈ Rk, by denot-

ing Tn =t (Gn(f1), ...,Gn(fk)), we have < a, Tn > < a, T >, where T follows the
Nk(0,Γ(fi, fj)1≤i,j≤k) law and < ◦, ◦ > stands for the usual scalar product in Rk.
But, by the standard central limit theorem in R, we have

< a, Tn >= Gn

(
k∑
i=1

aifi

)
 N(0, σ2

∞),

where, for g =
∑

1≤i≤k aifi,

σ2
∞ =

∫
(g(x)− PZ(g))

2
dPZ(x)

and this easily gives
σ2
∞ =

∑
1≤i,j≤k

aiajΓ(fi, fj),

so that N(0, σ2
∞) is the law of < a, T > . The proof is finished.

2.2. How to use the tool?

In our daily activities as researchers in asymptotic statistics, we usually need to
find the asymptotic laws of statistics on Rk. Once we have our sample Z1, Z2, ...
as random variables defined on the same probability space with values in Rk, the
studied statistic, say Hn, in a significant number of cases, can be expressed in the
following form:

Hn =
1

n

k∑
i=1

H(Zi)

for H ∈ F . This gives the simplest asymptotic representation, for µ(H) = EH(Z):

Hn = µ(H) + n−1/2Gn(H). (3)

From such exact GAR’s, the Delta-method is a common tools to proceed to next
steps. For that, we need to address the probability asymototic boundedness of
Gn(H). Since it weakly converges to a random element, sayM(H), we get ‖Gn(H)‖ 
‖M(H)‖, by the continuous mapping theorem. Next, we get for all λ > 0, by the
assertion of the Portmanteau Theorem concerning open sets,

lim sup
n→∞

P (‖Gn(H)‖ > λ) ≤ P (‖M(H)‖ > λ)
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and then

lim inf
λ→∞

lim sup
n→∞

P (‖Gn(H)‖ > λ) ≤ lim supP (‖M(H)‖ > λ) = 0.

From this, we use the big OP notation, that is Gn(H) = OP(1). Formula (3) becomes

Hn = µ(H) + n−1/2Gn(H) = µ(H) +OP(n−1/2)

and we will be able to use the Delta-method. Indeed, let g : R 7−→ R be continuously
differentiable on a neighborhood of µ(H). The mean value theorem leads to

g(Hn) = g(µ(H)) + g′(µn(H)) n−1/2Gn(H), (4)

where

µn(H) ∈ [(µ(H) + n−1/2Gn(H)) ∧ µ(H), (µ(H) + n−1/2Gn(H)) ∨ µ(H)],

so that
|µn(H)− µ(H)| ≤ n−1/2Gn(H) = OP(n−1/2).

Then µn(H) converges to µ(H) in probability (denoted as: µn(H) →P µ(H)). But the
convergence in probability to a constant is equivalent to the weak convergence.
Then µn(H)  µ(H). Using again the continuous mapping theorem, g′(µn(H))  
g′(µ(H)) which in turn yields g′(µn(H)) →P g

′(µ(H)) by the characterization of the
weak convergence to a constant. Now (4) becomes

g(Hn) = g(µ(H)) + (g′(µ(H) + oP (1)) n−1/2Gn(H)

= g(µ(H)) + n−1/2g′(µ(H))Gn(H) + oP(n−1/2)

= g(µ(H)) + n−1/2Gn(g′(µ(H))H) + oP (n−1/2).

We arrive at the final expansion

g(Hn) = g(µ(H)) + n−1/2Gn(g′(µ(H))H) + oP (n−1/2). (5)

We just get a GAR in the fep, for some constant C,

Jn = C + n−1/2Gn(h) + oP (n−1/2). (6)

for h2 being PX integrable. A GAR like (6), may undergo the Delta-method to give
(under the needed conditions)
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g(Jn) = g(C) + n−1/2Gn(g′(C)h) + oP (n−1/2). (7)

which is still of the form of (6).

The general methods works as following: from exact GARs or GARs like (6), we get
others GARs of the same form. Fortunately, many statistics are algebraic combi-
nations of GARs in the form (6). To get the final GAR, we have the tools of handling
these algebraic combinations in the next theorem.

Lemma 2. Let (An) and (Bn) be two sequences of statistics expressed in the following
GARs: real-valued functions of z ∈ S. Suppose that An = A+ n−1/2Gn(L) + oP(n−1/2)
and Bn = B + n−1/2Gn(H) + oP(n−1/2), where A, B, L and H are defined accordingly
as above. We have the following GARs:

An +Bn = A+B + n−1/2Gn(L+H) + oP(n−1/2),

AnBn = AB + n−1/2Gn(BL+AH) + oP(n−1/2).

and if B 6= 0,

An
Bn

=
A

B
+ n−1/2Gn

(
1

B
L− A

B2
H

)
+ oP(n−1/2).

By putting together all the described steps in a smart way, the methodology will
lead us to a final result of the form

Tn = t+ n−1/2Gn(h) + oP (n−1/2)

which entails the weak convergence
√
n(Tn − t) = Gn(h) + oP (1) N(0,Γ(h, h)).

2.3. A non-trivial example

We are going to illustrate our fep tool on the plug-in estimator of the linear cor-
relation coefficient of the pair of random variables (X,Y ), none of the coordinates
being degenerate, defined as follows

ρ =
σxy
σ2
xσ

2
y

,

where

µx =

∫
x dPX(x), µy =

∫
x dPX(x), σxy =

∫
(x− µx)(y − µy)dP(X,Y )(x, y).
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σ2
x =

∫
(x− µx)2dPX(x), σ2

y =

∫
(x− µx)(y − µy)dPX(y).

We also dismiss the case the case where |ρ| = 1, for which one of X and Y is an
affine function of the other, for example X = aY + b.

It is clear that centering the variables X and Y and normalizing them by their
standard deviations σx and σy does not change the correlation coefficient ρ. So we
consider the coordinates as centered and normalized, i.e.

µx = µy = 0, σx = σy = 1.

However, we will let these coefficients appear with their names and we only use
their particular values at the conclusion stage.

Let us consider the plug-in estimator of ρ. To this end, let (X1, Y1), (X2, Y2), ... be a
sequence independent observations of (X,Y ). For each n ≥ 1, the plug-in estimator
is the following

ρn =

{
1

n

n∑
i=1

(Xi −X)(Yi − Y )

}{
1

n2

n∑
i=1

(Xi −X)2 ×
n∑
i=1

(Yi − Y )2

}−1/2
.
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We are going to give the asymptotic theory of ρn as an estimator of ρ. Introduce the
notation

µ(p,x),(q,y) = E((X − µx)p(Y − µy)q), µ4,x = E(X − µx)4, µ4,x = E(X − µx)4).

Here is our main Theorem.

Theorem 1. Suppose that neither of X and Y is degenerated and both have finite
fourth moments and that X3Y and XY 3 have finite expectations. Then, as n→∞,

√
n(ρn − ρ) N(0, σ2),

where

σ2 = σ−2x σ−2y (1 + ρ2/2)µ(2,x),(2,y) + ρ2(σ−4x µ4,x + σ−4y µ4,y)/4

−ρ(σ−3x σ−1y µ(3,x),(1,y) + σ−1x σ−3y µ(1,x),(3,y)).

This result enables to test independence between X and Y , or to test non linear
correlation in the following sense.

Theorem 2. Suppose that the assumptions of Theorem 1 hold. Then
(1) If X and Y are not linearly correlated, that is ρ = 0, we have

√
nρn  N(0, σ2

1),

where
σ2
1 = σ−2x σ−2y µ(2,x),(2,y).

(2) If X and Y are independent, then ρ = 0, and

√
nρn  N(0, 1)

Proofs. We are going to use the function empirical process based on the observa-
tions (Xi, Yi), i = 1, 2, ... that are independent copies of (X,Y ). Write

ρn =
1
n

∑n
i=1XiYi −X Y{

1
n

∑n
i=1X

2
i −X

2
}1/2 {

1
n

∑n
i=1 Y

2
i − Y

2
}1/2

=
An
Bn

.
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Let us say for once that all the functions of (X,Y ) that will appear below are mea-
surable and have finite second moments. Let us handle separately the numerator
and denominator. To treat An, using the empirical process implies that

1
n

∑n
i=1XiYi = µxy + n−1/2Gn(p),

X = µx + n−1/2Gn(π1),
Y = µy + n−1/2Gn(π2),

(8)

where p(x, y) = xy, π1(x, y) = x, π2(x, y) = y. From there we use the fact that Gn(g) =
OP (1) for E(g(X,Y )2) < +∞ and get

An = µxy + n−1/2Gn(p)− (µx + n−1/2Gn(π1))(µy + n−1/2Gn(π2)). (9)

This leads to

An = σxy + n−1/2Gn(H1) + oP (n−1/2)

with
H1(x, y) = p(x, y)− µxπ2 − µyπ1.

Next, we have to handle Bn. Since the roles of
{

1
n

∑n
i=1X

2
i −X

2
}1/2

and{
1
n

∑n
i=1 Y

2
i − Y

2
}1/2

ar symmetrical, we treat one of them and extend the results

to the other. Consider
{

1
n

∑n
i=1X

2
i −X

2
}1/2

. From (8), use the Delta-method to get

X
2

=
(
µx + n−1/2Gn(π1)

)2
= µ2

x + 2µxn
−1/2Gn(π1) + oP (n−1/2),

that is
X

2
=
(
µx + n−1/2Gn(π1)

)2
= µ2

x + n−1/2Gn(2µxπ1) + oP (n−1/2).

From there, we get

1

n

n∑
i=1

X2
i −X

2
= m2,x + n−1/2Gn(π2

1)−X2

= m2,x − µ2
x + n−1/2Gn(π2

1 − 2µxπ1) + oP (n−1/2)

= σ2
x + n−1/2Gn(π2

1 − 2µxπ1) + oP (n−1/2).

Using the Delta-method once again leads to{
1

n

n∑
i=1

X2
i −X

2

}1/2

= σx + n−1/2Gn

(
1

2σx

{
π2
1 − 2µxπ1

})
+ oP (n−1/2).

Journal home page: http://www.jafristat.net, www.projecteuclid.org/euclid.as,
www.ajol.info/afst. This issue was open until September 1, 2024



Special issue of the statistical applications of the fep and the lrfep to nonparametric
estimation. G.S. Lo, T.A. Kpanzou and G.B.O. Da, Afrika Statistika, Vol. 18 (3), 2023,
pages 3521 - 3550. General asymptotic representations of indexes based on the functional
empirical process and the residual functional empirical process and applications 3533
In a similar way, we get{

1

n

n∑
i=1

Y 2
i − Y

2

}1/2

= σy + n−1/2Gn

(
1

2σy

{
π2
2 − 2µyπ2

})
+ oP (n−1/2).

We arrive at

Bn =

{
1

n

n∑
i=1

X2
i −X

2

}1/2{
1

n

n∑
i=1

Y 2
i − Y

2

}1/2

= σxσy + n−1/2Gn(
σy
2σx

{
π2
1 − 2µxπ1

}
+

σx
2σy

{
π2
2 − 2µyπ2

}
) + oP (n−1/2).

By setting
H2(x, y) =

σy
2σx

{
π2
1 − 2µxπ1

}
+

σx
2σy

{
π2
2 − 2µyπ2

}
,

we have
Bn = σxσy + n−1/2Gn(H2) + n−1/2. (10)

Now, combining (9) and (10) and using Lemma 1 yield

√
n(ρ2n − ρ2) = n−1/2Gn

(
1

σxσy
H1 −

σxy
σ2
xσ

2
y

H2

)
+ oP (1).

Let

H =
1

σxσy
(p(x, y)− µxπ2 − µyπ1)− ρ

σxσy

{
1

2σ2
x

{
π2
1 − 2µxπ1

}
+

1

2σ2
y

{
π2
2 − 2µyπ2

}}
.

Now we continue with the centered and normalized case to get

H(x, y) = p(x, y)− ρ

2
(π2

1 + π2
2)

and
H(X,Y ) = XY − ρ

2
(X2 + Y 2).

Denote
µ(p,x),(q,y) = E((X − µx)p(Y − µy)q).

We have
EH(X,Y ) = σxy − ρ = 0
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and varH(X,Y ) is equal to

µ(2,x),(2,y) + ρ2(µ4,x + µ4,y)/4− ρ(µ(3,x),(1,y) + µ(1,x),(3,y)) + ρ2µ(2,x),(2,y)/2

and finally varH(X,Y ) = σ2
0 with

σ2
0 = (1 + ρ2/2)µ(2,x),(2,y) + ρ2(µ4,x + µ4,y)/4− ρ(µ(3,x),(1,y) + µ(1,x),(3,y)).

This gives the conclusion that for centered and normalized X and Y,

√
n(ρn − ρ) N(0, σ2

0).

Next, if we use the normalizing coefficients in σ0, we get

σ2 = σ2
xσ

2
y(1 + ρ2/2)µ(2,x),(2,y) + ρ2(σ4

xµ4,x + σ4
yµ4,y)/4

−ρ(σ3
xσyµ(3,x),(1,y) + σxσ

3
yµ(1,x),(3,y))

and we conclude in the general case that
√
n(ρn − ρ) N(0, σ2).

The proof of Theorem 2 follows by easy computations under the particular condi-
tions of ρ and under independence. �
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3. The Lo’s residual functional emprical process (lrfep) and its use in

asymptotic theory

Before we begin introducing the lrfep, we need additional notions and notation
around the Rényi’s representation. Next we will explain how the lrfep originated
from the study ot the weak convergence of statistics. Finally, we will use it to get
the full GAR expression of statistics in general.

3.1. Additional notation

In this part, we complete the notations we already gave and specify our probability
space.

The notation below concerns the univariate random distributions. We are going to
describe the general Gaussian field in which we present our results. Indeed, we
use a unified approach when dealing with the asymptotic theories of the welfare
statistics. It is based on the Functional Empirical Process (fep) and its Functional
Brownian Bridge (fbb) limit. It is laid out as follows.

When we deal with the asymptotic properties of one statistic or index at a fixed
time, we suppose that we have a non-negative random variable of interest which
may be the income or the expense X whose probability law on (R,B(R)), the Borel
measurable space on R, is denoted by PX . We consider the space F(1) of measurable
real-valued functions f defined on R such that

VX(f) =

∫
(f − EX(f))2dPX = E(f(X)− E(f(X))2 < +∞,

where
EX(f) = Ef(X).

On this functional space F(1), which is endowed with the L2-norm

‖f‖2 =

(∫
f2dPX

)1/2

,

we define the Gaussian process {G(1)(f), f ∈ F(1)}, which is characterized by its
variance-covariance function

Γ(1)(f, g) =

∫ 2

(f − EX(f))(g − EX(g))dPX , (f, g) ∈ F2
(1). (11)

This Gaussian process is the asymptotic weak limit of the sequence of functional
empirical processes (fep) defined as follows. Let X1, X2, ... be a sequence of inde-
pendent copies of X. For each n ≥ 1, we define the functional empirical process
associated with X by

Gn,(1)(f) =
1√
n

n∑
j=1

(f(Xj)− Ef(Xj)), f ∈ F(1),

Journal home page: http://www.jafristat.net, www.projecteuclid.org/euclid.as,
www.ajol.info/afst. This issue was open until September 1, 2024



Special issue of the statistical applications of the fep and the lrfep to nonparametric
estimation. G.S. Lo, T.A. Kpanzou and G.B.O. Da, Afrika Statistika, Vol. 18 (3), 2023,
pages 3521 - 3550. General asymptotic representations of indexes based on the functional
empirical process and the residual functional empirical process and applications 3536
and denote the integration with respect to the empirical measure by

Pn,(1)(f) =
1

n

n∑
i=1

f(Xi), f ∈ F(1),

Let us denote by `∞(T ) the space of real-valued bounded functions defined on
T = R equipped with its uniform topology. In the terminology of the weak conver-
gence theory, the sequence of objects Gn,(1) weakly converges to G(1) in `∞(R), as
stochastic processes indexed by F(1), whenever it is a Donsker class. The details
of this highly elaborated theory may be found in ?, Pollard (1984), van der Vaart
and Wellner (1996) and similar sources.

Here, we only need the convergence in finite distributions which is a simple
consequence of the multivariate central limit theorem, as described in Chapter 3
in Lo et al. (2016).

We will use the Rényi’s representation of the random variable Xi’s of interest by
means of the (cdf ) F(1) of X as follows

X =d F
−1
(1) (U),

where U is a uniform random variable on (0, 1), =d stands for the equality in dis-
tribution and F−1(1) is the generalized inverse of F(1), defined by

F−1(1) (s) = inf{x, F(1)(x) ≥ s}, s ∈ (0, 1).

Based on these representations, we may and do assume that we are on a probability
space (Ω,A,P) holding a sequence of independent (0, 1)-uniform random variables
U1, U2, ..., and the sequence of independent observations of X are given by

X1 = F−1(1) (U1), X2 = F−1(1) (U2), etc. (12)

For each n ≥ 1, the order statistics of U1, ..., Un and of X1, ..., Xn are de-
noted respectively by 0 ≡ U0,n < U1,n ≤ · · · ≤ Un,n < Un+1,n ≡ 1 and
− inf ≡ X0,n < X1,n ≤ · · · ≤ Xn,n < Xn+1,n (0 = − inf ≡ X0,n for a non-negative
random variable X).

We also associate the sequence of (Un)n≥1 with the sequence of real-argument em-
pirical functions

Un,(1)(s) =
1

n
#{j, 1 ≤ j ≤ n, Uj ≤ s}, s ∈ (0, 1) n ≥ 1 (13)

=

n∑
j=1

j

n
1(Uj,n≤s<Uj+1,n), (14)
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and the sequence of real-argument uniform quantile function

Vn,(1)(s) = U1,n1(s=0) +

n∑
j=1

Uj,n1((j−1)/n<s≤(j/n)), s ∈ (0, 1), n ≥ 1 (15)

and next, the sequence of real-argument uniform empirical processes

αn,(1)(s) =
√
n(Un,(1) − s), (16)

for s ∈ (0, 1) and≥ 1, and the sequence of real-argument uniform quantile processes

γn,(1)(s) =
√
n(s− Vn,(1)), s ∈ (0, 1) n ≥ 1. (17)

The same can be done for the sequence (Xn)n≥1, and we obtain the associated
sequence of real empirical processes as

Gn,r,(1)(x) =
√
n
(
Fn,(1)(x)− F(1)(x)

)
, x ∈ R, n ≥ 1, (18)

where

Fn,(1)(x) =
1

n
#{j, 1 ≤ j ≤ n, Xj ≤ x}, x ∈ R n ≥ 1 (19)

is the associated sequence of empirical functions. We also have the associated
sequence of quantile processes

Qn,(1)(x) =
√
n
(
F−1(n),(1)(s)− F

−1(s)
)
, s ∈ (0, 1), n ≥ 1 (20)

where, for n ≥ 1,

F−1n,(1)(s) = X1,n1(0≤s≤1/n) +
n∑
j=1

Xj,n1((j−1)/n≤s≤(j/n)), s ∈ (0, 1), (21)

is the associated sequence of quantile processes.

By passing, we recall that F−1n,(1) is actually the generalized inverse of F(n),(1) and for
the uniform sequence, we have

Vn,(1) = U−1n,(1). (22)

In virtue of Representation (12), we have the following remarkable relations

Gn,r,(1)(x) = αn,(1)(F(1)(x)), x ∈ R (23)

and
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Qn,(1)(x) =
√
n
(
F−1(1) (Vn,(1)(s))− F−1(1) (s)

)
s ∈ (0, 1), n ≥ 1. (24)

We also have the following relations between the empirical functions and quantile
functions

Fn,(1)(x) = Un,(1)(F(1)(x)), x ∈ R (25)

and

F−1n,(1)(s) = F−1(1) (V(n),(1)(s)), s ∈ (0, 1), n ≥ 1. (26)

As well, the real-argument and function-argument empirical processes are related
as follows: for n ≥ 1,

Gn,r,(1)(x) = Gn,(1)(f∗x), αn,(1)(s) = Gn,(1)(f̃s), s ∈ (0, 1), x ∈ R, (27)

where for any x ∈ R, f∗x = 1]−∞,x] is the indicator function of ] − ∞, x] and for
s ∈ (0, 1), fs = 1[0,s] and f̃s = 1]−∞,F−1

(1)
(s)].

To finish the description, a result of Kiefer-Bahadur (See Bahadur (1966)) that says
that the addition of the sequences of uniform empirical processes and quantiles
processes (16) and (17) is asymptotically, and uniformly on [0, 1], zero in probability,
that is

sup
s∈[0,1]

∣∣αn,(1)(s) + γn,(1)(s)
∣∣ = oP(1) as n→ +∞. (28)

This result is a powerful tool to handle the rank statistics when our studied
statistics are L-statistics.

3.2. The origin of the lrfep

The method is developed here for a continuous cdf F(1). There is a considerable
class of statistics which are combinations of one dimensional statistics of the form

Ln = dn
∑

1≤j≤n

c(j, n)q0(Xj,n), n ≥ 1,

where q0 is some measurable mapping, c(◦, n) a function of j ∈ {1, · · · , n} and (dn)n≥1
is a sequence of real numbers. If F(1) is continuous, we may use the rank statistics
(R1,n, · · · , Rn,n) defined by

∀1 ≤ i ≤ n, ∀1 ≤ j ≤ n, Rj,n = i⇔ Xi,n = Xj .
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But it happens that for any n ≥ 1, for any 1 ≤ j ≤ n,

Rj,n
n

= Fn,(1)(Xj),

and this leads to

Ln =
1

n

∑
1≤j≤n

(
ndnc

(
nFn,(1)(Xj)

))
q0(Xj), n ≥ 1.

The question is: how to treat such statistics? Obviously, this is a L-statistic and the
theory of Chernoff might help. However, we will use another alternative developed
over the years since that uses the so-called lrfep. The method is based on the
following facts: In many cases, there exists a measurable mapping q1 such that
Eq1(X) < +∞ and we may write

Ln =
1

n

∑
1≤j≤n

q1(F(1)(Xj))q0(Xj)

+
1

n

∑
1≤j≤n

(
ndnc

(
nFn,(1)(Xj)

)
− q1(F(1)(Xj))

)
q0(Xj)

in a way that, by using the mean value theorem, we arrive at

1

n

∑
1≤j≤n

(
ndnc

(
nFn,(1)(Xj)

)
− q1(F(1)(Xj))

)
q0(Xj)

=
1

n

∑
1≤j≤n

{
Fn,(1)(Xj)− F(1)(Xj)

}
q1(Xj)q0(Xj) + oP(n−1/2),

where q1(◦) is some measurable function, and further under specific conditions to
be found and checked, we finally have the form, for q = q0q1,

Ln =
1

n

∑
1≤j≤n

h(Xj) +
1

n

∑
1≤j≤n

{
Fn,(1)(Xj)− F(1)(Xj)

}
q(Xj) + oP(n−1/2).

We conclude that, in our effort to asymptotically represent Ln as an application of
the empirical measure to some function h, that is Pn(h), we still have a residual
term in the form of
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Ren(`) =
1

n

n∑
j=1

(
Fn,(1)(Xj)− F(1)(Xj)

)
q(Xj).

This made Lo and Sall (2010a) to name it a residual empirical process and pro-
ceeded to its independent study. Now let us describe this stochastic process more
deeply.

3.3. The partial GAR of lrfep and conditions of its validity

3.3.1. The main features of the lrfep

A residual empirical process is any stochastic process of the form

Ren(`) =
1

n

n∑
j=1

(
Fn,(1)(Xj)− F(1)(Xj)

)
q(Xj).

where q is a measurable function from [0, 1] to R. Let us define

`(s) = −q(F−1(1) (s)), s ∈ (0, 1)

and

∆n(q, s) =

{
q

(
F−1(1)

(
Vn,(1)(s)

))
− q
(
F−1(1) (s)

)}
, s ∈ (0, 1).

We stress that the function ` depends of the cdf F(1) and should bave been
denoted `(◦) = `(F(1), ◦). This warning is important in the situation of spatial
analysis, as we will see it.

3.3.2. The general results on the lrfep

We have the following results.

Theorem 3. Let F(1) be continuous. If the following two assertions:

(1) Eq(X) < +∞ (CRe1)

and,

(2) and, as n→ +∞,∫ 1

0

√
n
(
s− Vn,(1)(s)

)
∆n(q, s) ds→ 0 (CRe2)
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hold, we have the representation

√
nRen(`) =

∫ 1

0

Gn,(1)(f̃s) `(s) ds+ op(1).

Proof. By using Formulas (13) and (15), we get

Ren =

n∑
j=1

∫ j
n

j−1
n

{
Fn,(1)(F−1n,(1)(s))− F(1)(F−1n,(1)(s))

}
q
(
F−1n,(1)(s)

)
ds,

and hence

Ren =

∫ 1

0

{
Fn,(1)(F−1n,(1)(s))− F(1)(F−1n,(1)(s))

}
q
(
F−1n,(1)(s)

)
ds. (29)

Before we proceed further, we will get some facts for Formulas (22), (23) and (24).
We already have

Fn,(1)(◦) = Un,(1)
(
F(1)(◦)

)
, and F−1n,(1)(◦) = F−1(1)

(
Vn,(1)(◦)

)
,

Next, we have (See page 148, Lo et al. (2016))

F(1)

(
F−1(1) (◦))− 0

)
≤ ◦ ≤ F(1)

(
F−1(1) (◦)) + 0

)
.

Next, by continuity of F(1), we have

F(1)

(
F−1n,(1)(◦)

)
= Vn,(1)(◦)

and

Fn,(1)
(
F−1n,(1)(◦)

)
= Un,(1)

(
Vn,(1)(◦)

)
.

With this facts, we may handily transform Ren as follows:

√
nRen =

∫ 1

0

√
n
{
Un,(1)

(
Vn,(1)(s)

)
− Vn,(1)(s)

}
q
(
F−1(1)

(
Vn,(1)(s)

))
ds

=

∫ 1

0

√
n
(
s− Vn,(1)(s)

)
q
(
F−1(1)

(
Vn,(1)(s)

))
ds

+

∫ 1

0

√
n
(
Un,(1)

(
Vn,(1)(s)

)
− s
)
q
(
F−1(1)

(
Vn,(1)(s)

))
ds

=: Ren(1) +Ren(2).
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From Shorack and Wellner (1986) (page 585), we have

sup
0≤s≤1

∣∣Un,(1) (Vn,(1)(s))− s∣∣ ≤ 1

n
.

We get

|Ren(2)| ≤ 1√
n

∫ 1

0

q
(
F−1(1)

(
Vn,(1)(s)

))
ds

=
1√
n

 1

n

n∑
j=1

q(Xj)

 , (30)

which is an oP(n−1/2) whenever Eq(X) is finite. We obtain

√
nRen =

∫ 1

0

√
n
(
s− Vn,(1)(s)

)
q

(
F−1(1)

(
Vn,(1)(s)

))
ds+ op(1). (31)

Next, we try to replace q
(
F−1(1)

(
Vn,(1)(s)

))
by q

(
F−1(1) (s)

)
. We will be led to

√
nRen =

∫ 1

0

√
n
(
s− Vn,(1)(s)

)
q

(
F−1(1) (s)

)
ds (32)

+

∫ 1

0

√
n
(
s− Vn,(1)(s)

){
q

(
F−1(1)

(
Vn,(1)(s)

))
− q
(
F−1(1) (s)

)}
ds+ op(1)

=:

∫ 1

0

√
n
(
s− Vn,(1)(s)

)
q

(
F−1(1) (s)

)
ds+

∫ 1

0

√
n
(
s− Vn,(1)(s)

)
∆n(q, s) ds+ op(1).

Finally by the the Bahadur’s representation (28) and by Condition (Re2), we finish
the proof in the form:

√
nRen =

∫ 1

0

γn,(1)(s)q
(
F−1(1) (s)

)
ds+ op(1) (33)

=

∫ 1

0

γn,(1)(s) + αn,(1)q
(
F−1(1) (s)

)
ds

−
∫ 1

0

αn,(1)(s)q
(
F−1(1) (s)

)
ds+ op(1)

= −
∫ 1

0

(
αn,(1)(s)

)
q
(
F−1(1) (s)

)
ds+ op(1)

=

∫ 1

0

Gn,(1)(f̃s)
(
−q
(
F−1(1) (s)

))
ds+ op(1),

Journal home page: http://www.jafristat.net, www.projecteuclid.org/euclid.as,
www.ajol.info/afst. This issue was open until September 1, 2024



Special issue of the statistical applications of the fep and the lrfep to nonparametric
estimation. G.S. Lo, T.A. Kpanzou and G.B.O. Da, Afrika Statistika, Vol. 18 (3), 2023,
pages 3521 - 3550. General asymptotic representations of indexes based on the functional
empirical process and the residual functional empirical process and applications 3543
i.e,

√
nRen =

∫ 1

0

Gn,(1)(f̃s) `(s) ds+ op(1),

whenever

E(`(X)) = −Eq(X) = −
∫ 1

0

q(F−1(1) (s)) ds < +∞.

This concludes the proof.

3.4. The final GAR combining the fep and the lrfep

Summary of the general method.

We suppose that we study the sequence of statistics Jn. We split the study into
steps.

Step 1. Proceed to stochastic calculus and manipulations to try to write as:

Jn = Eh(X) + n−1/2Gn(h) +Ren(`) + oP(n−1/2), (34)

where `(◦) is derived from some q(x) measurable function of x ∈ R by `(s) =
−q(F−1(1) (s)), for (0, 1), and

Ren(`) =
1

n

n∑
1

{F(n),(1)(Xj)− F(1)(Xj)} q(Xj), n ≥ 1. (35)

We recall that

∆n(q, s) =

{
q

(
F−1(1)

(
Vn,(1)(s)

))
− q
(
F−1(1) (s)

)}
, s ∈ (0, 1). (36)

Step 2. Using Theorem 3, we try to get

Eq(X) < +∞ (37)

and,

(2) as n→ +∞, ∫ 1

0

√
n
(
s− Vn,(1)(s)

)
∆n(s) ds→ 0 (38)

If so, we get the GAR that will be displayed below.
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Step 2 (alternative) If we are able to prove that

1√
n

 1

n

n∑
j=1

q(Xj)

 = oP (1), as n→ +∞, (39)

and ∫ 1

0

(s(1− s))1/2∆n(s) = oP (1), as n→ +∞, (40)

hold, then the general GAR is true. That GAR is:

Jn = Eh(X) + n−1/2Gn(h) + n−1/2
∫ 1

0

Gn(f̃s) `(s) ds+ oP(n−1/2), (41)

with

f̃s = 1]−∞,F−1
(1)

(s)], s (0, 1). (42)

√
n(Jn − Eh(X)) = Gn(h) +

∫ 1

0

Gn(f̃s) `(s) ds+ oP(1). (43)

To understand Condition (40), we used the

sup
s∈(0,1)

‖
√
n
(
s− Vn,(1)(s)

)
(s(1− s))1/2

‖ = OP(1).

Now, we may conclude. The finite-distribution asymptotic law of the field Gn(f), f ∈
L2(PX) gives the limit law of

√
n(Jn − Eh(X)), as follows.

Theorem 4. If h ∈ L2(PX) and, (37) or (38) and (39) or (40) hold, then the sequence
of indexes Jn as in (41) satisfies

√
n(Jn − Eh(X)) N (0, Γ(J)), as n→ +∞,

where

Γ(1)(h1, h2) =

∫
(h1 − Eh1(X))(h2 − Eh2(X)) dPX (44)

and
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Γ(J) = γ1 + γ2 + 2γ3, (45)
γ1 = Γ(1)(h, h);

γ2 =

∫ 1

0

∫ 1

0

Γ(1)(f̃s, f̃t)`(s) `(t) ds dt;

γ3 =

∫ 1

0

Γ(1)(h, f̃s)`(s) ds.

(R) Important Remarks on the existence of the variances and co-variance in
(44) and (45).

(A1) Asymptotic law of

Ren(`) =

∫ 1

0

Gn(f̃s) `(s) ds.

Since f̃s and f̃t are in [0, 1], that asymptotic variance of Ren(`), is finite

E(q(X)2) < +∞. (Th33)

(A2) Asymptotic covariance between Gn(h) and Ren(`) . For the same reason,
that Asymptotic covariance is finite if

E(h(X)2q(X)2) < +∞. (Th12)

(A3) Asymptotic variance of Jn . Finally, that asymptotic variance is finite if
(Th22), (Th12) and

Eh(X)2 < +∞. (Th11)
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4. Finding the GAR in Gini’s Case study

Before we begin, we want to draw the attention of the reader who wants to work
on this topic about the following warning.

Warning. The method we are presenting here uses a lot of stochastic expansions
over quantities as oP(1) and OP(1). The researcher should have to try to get a good
command in such computation skills. He may need to go to the bottom of that by
revising Chapter 6 in Lo et al. (2016). Here, in the present study, we do not dwell
in the details.

Now, let us consider the Gini index of inequality as in Mergane et al. (2018b) (where
the multiplicative coefficient (2) has been corrected to (1))

Jn =
1

1
n

∑n
j=1Xj

{
1

n

n∑
j=1

(
2j − 1

n
− 1

)
Xj,n

}
,

for n ≥ 1 and the notations and terminology given above are adopted. To apply the
method we expose above, we see that we have to treat the two factors

An =
1

1
n

∑n
j=1Xj

and Bn =
1

n

n∑
j=1

(
2j − 1

n
− 1

)
Xj,n

separately. The first step is easy to handle, for h1(x) = x and by denoting Eh1(X) =
EX = µ,

An =
1

1
n

∑n
j=1Xj

=
1

Eh1(X) + n−1/2Gn(h1)

=
1

µ

(
1 + µ−1n−1/2Gn(h1)

)−1
=

1

µ

(
1− µ−1n−1/2Gn(h1) +OP(n−1/2)

)
.

We get a first GAR

An =
1

µ
− n−1/2Gn(µ−2h1) + oP(n−1/2).

As to Bn, we remark that
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Bn =

(
1

n

n∑
j=1

(
2j

n
− 1

)
Xj,n

)
−
(

1

n2

n∑
j=1

Xj

)
=: Bn,1 +Bn,2.

We have
√
nBn,2 = n−1(µ+ oP(1)) = oP(n−1/2). (46)

Next,

Bn,1 =
1

n

n∑
j=1

(
2j

n
− 1

)
Xj,n

)

=
1

n

n∑
j=1

(
2Fn(Xj,n)− 1

)
Xj,n

=
1

n

n∑
j=1

(
2Fn(Xj)− 1

)
Xj

=
1

n

n∑
j=1

(
2F (Xj)− 1

)
Xj

+
1

n

n∑
j=1

(
Fn(Xj)− F (Xj)

)
2Xj

= Pn(H) +Ren(`1)

with

H(x) = (2F (x)− 1)x and `1(x) = −2F−1(s), x ∈ R, s ∈ (0, 1).

So, upon checking Conditions (37) or (38) and (39) or (40), we would get

Bn = EH(X) + n−1/2Gn(H) + n−1/2
∫ 1

0

Gn(f̃s) `1(s) ds+ oP(n−1/2) (47)

Finally, algebraic manipulations of the product of the expansions of An and Bn,
based on Gn(◦) = oP(1) anywhere here, lead to
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Jn =
EH(X)

µ
+ n−1/2Gn

(
H

µ
− EH(X)h1

µ2

)
+ n−1/2

∫ 1

0

(1/µ)Gn(f̃s) `1(s) ds+ oP(n−1/2),

which gives us our final GAR

Jn =
EH(X)

µ
+ n−1/2Gn(h) + n−1/2

∫ 1

0

Gn(f̃s)`(s) ds+ oP(n−1/2), (48)

where

h(x) =
µH(x)− EH(X)h1(x)

µ2
, (49)

h1(x) = x, (50)
H(x) = (2F (x)− 1)x,

`(s) =
−2F−1(s)

µ
, x ∈ R, s ∈ (0, 1).

5. Conclusion, perspectives and applications

The theory reaches two kinds of results.

(R1) A definitive result of asymptotic normality as in Theorem 4 that can be applied
in statistical estimation by confidence intervals and in statistical tests.

(R2) A progressive result in the form of the asymptotic representation as in
(41) (page 3544) can then be used for comparison with other statistics or
with values of the same statistic for other areas, or for following the evolution of
the values of the statistics other times in a way to ensure convergence of joint laws.

The following remarks are important to be noticed.

(R3) Let us be aware that the final result may come after algebraic manipulations
of a number of GAR founded separately.

(R4) The computations of variances and co-variances of the kind of statistics used
here are well-handled with current computers and numerical methods with weak
execution times.

(R5) To be completely useful to researchers and practitioners, a package should be
available and ready-to-be used. Such a work is underway and will be reported on
soon.
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