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Abstract. . We address the problem of performing dimension reduction on multi-
variate functional data observed on different domains in an endogenously stratified
sampling context. The aim is to propose a new multivariate functional principal
component analysis (MFPCA) approach for data sampled by a stratification of a
population according to a binary variable of interest. This estimation strategy is
derived from a direct relationship between univariate and multivariate FPCA for
finite Karhunen-Loéve decompositions. The proposed methodology yields encour-
aging results and can be applied to data with measurement errors. Computational
results on simulated data highlight the good performance of the proposed method-
ology compared to the classical MFPCA, which ignores the type of data sampling.
A real-life application considering breast cancer cells data is also presented.
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Résumé (Abstract in French) Nous abordons le probleme de la réduction de dimen-
sion des données fonctionnelles multivariées observées sur différents domaines
dans un contexte d’échantillonnage endogéne stratifié. Nous proposons une nou-
velle approche d’analyse en composantes principales fonctionnelles multivariées
(ACPFM) pour des données échantillonnées par une stratification de la population
suivant une variable d’intérét binaire. Cette stratégie d’estimation est obtenue a
partir d'une relation entre les ACP fonctionnelles univariée et multivariée pour
les décompositions finies de Karhunen-Loéve. Notre méthodologie donne des
résultats encourageants et peut étre appliquée a des données comportant des
erreurs de mesure. Des simulations mettent en évidence les bonnes performances
de la méthodologie proposée par rapport a TACPFM classique, qui ignore la nature
d’échantillonnage des données. Nous présentons également une application en
considérant des données réelles portant sur des cellules cancéreuses du sein.
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1. Introduction

Nowadays, due to the proliferation of information systems and technologies, a
significant amount of large-scale data is collected in several domains like epidemi-
ology, health and economics. In these areas, case-control or choice-based studies
(also known as response-based studies) are very frequent.

Typically, the considered sampling scheme is the result of an endogenous strat-
ification where each stratum is defined according to the individual responses,
described by the discrete values of a response variable. Such design is usual
in several situations where it often happens that one or more outcomes occur
infrequently in the population but are important for determining some key param-
eters. By stratifying the population with respect to the responses, one can gather
information on those infrequent outcomes at a much lower cost than would be
incurred by simply increasing the size of a random sample. A main motivation for
this sampling scheme is the possibility to improve the accuracy of the analysis at
reduced survey costs.
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Case-control approach is then a powerful method for investigating factors that
may explain a particular event. It is extensively used in biomedical studies when
one of the treatments being compared is uncommon and in epidemiology to study
the incidence of a disease, one of the best-known examples being the investigation
by Doll and Hill (1950) of the possible connection between cigarette consumption
and lung cancer.

A case-control study is a retrospective study, an alternative to a prospective study.
Cases (diseased individuals) are identified in an underlying population and a
comparable control (individuals without the disease) group is sampled.

Case-control approach is also used in the econometrics literature where it is
usually named choice-based or endogenous sampling. In econometric anal-
ysis, the variable of interest comes from an individual decision, while in
epidemiology or a health research having a disease is not a choice, but the
consequence of exposure to one or more risk factors. The extensive literature
on choice-based sampling includes the papers of Manski and Lerman (1977),
Manski and McFadden (1981)), Cosslett (1981), Cosslett (1981), Imbens (1992),
and Ramalho (2002). Endogenous stratification has been studied, reviewed and
discussed in Didelez et al.(2010), Langholz (2010), Hynes and Greene (2013), and
Abadie et al.(2018), to name a few. Interest in choice-based or case-control studies
continues to grow (Martinez et al.(2019), Yari et al.(2021)) with technological
advances and increasing access to large patient databases of various types and
sizes to support health research. This is for example the case in the joint study of
several risk factors for certain diseases where the response is often binary (having
the disease or not).

When these factors evolve in time or space and can be seen as curves, im-
ages, one may analyze them in a joint and exhaustive way using the theory
of multivariate functional data analysis. Functional data analysis (FDA) is a
very active research field (see the monographs of Ramsay and Silverman (2005),
Ferraty and Vieu (2006), Wang et al.(2016)) that requires a step of transformation
of raw data into functional objects and projection to reduce the infinite dimension
of the space where the functional data evolved. A fundamental tool for this
dimension reduction step is Functional principal component analysis (FPCA).
In particular, multivariate functional data (finite dimension vector of functions)
analysis has been widely studied through several approaches including multi-
variate principal component analysis (MFPCA) for vector of functions observed
on the same finite one-dimensional interval (Ramsay and Silverman (2005),
Ferraty and Vieu (2006), Jacques and Preda (2014), Chiou et al.(2014),
Wang et al.(2016), Schmutz et al.(2020)).

Recently, Happ and Greven (2018) developed a theory for MFPCA, that focuses
on multivariate functional data on different domains (e.g. time functions, images
or more complex structures). They showed that their method is competitive with
respect to existing approaches for data observed on a common one-dimensional
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domain. The theoretical foundations of their MFPCA are provided in terms of a
Karhunen-Loéve theorem. For the practically relevant case of a finite or truncated
Karhunen-Loéve representation, they established a direct theoretical relationship
between univariate and multivariate FPCA. This suggests an estimation strategy
for multivariate functional principal components functions and scores based on
the univariate counterparts.

This approach has been extended (Golovkine et al.(2022)) to a multivariate func-
tional principal component framework based on the notion of local regularity of
the functional variables, to cluster multivariate functional data. Although the
multivariate principal component analysis methods of Happ and Greven (2018)
and Golovkine et al.(2022) are more flexible than other methods, they are not
suitable for the stratified sampling of interest in this contribution. The very recent
review of [Koner and Staicu (2023) gives more details on multivariate functional
data analysis.

For stratified sampling, univariate functional principal component analysis (FPCA)
has been investigated in few papers. Cardot et al.(2010) proposed a univariate
FPCA in stratified sampling context, based on Horvitz-Thompson estimators of the
covariance operator which can be seen as nonlinear functionals. The reader may
also refer to Cardot and Josserand (2011) who proposed consistent estimators of
mean and variance functions based on the Horvitz-Thompson estimator. More
recently, Ahmed et al.(2018) adapted univariate FPCA for choice-based sampling
in a context of binary functional linear regression and focused on inference.

In this paper, we propose a MFCPA approach that extends
Happ and Greven (2018)’s work to choice-based sampling context, according
to a binary response variable. The remainder of the document is organized as
follows. Section 2 presents the multivariate functional principal component anal-
ysis (MFPCA) methodology under the sampling context of interest. The asymptotic
properties of the MFPCA resulting estimators are given in Section 3 while the
computational results to assess the performance of the proposed method are
stated in Section 4. The proofs of the theoretical results are postponed to the
appendix.

2. Multivariate Functional Principal Component Analysis under
Choice-Based Sampling: MFPCA-CBS

Let X = (X1,...,Xp)" be a vector-valued stochastic process with P > 1 an integer.
For 1 < p < P, let I, be a compact set in R, with finite (Lebesgue-) measure and
such that X, : I, — R is assumed to belong to £2(I,), equipped with the inner
product {.,.)sz2(;,) and norm |.[z2(;,). We denote by I := I; x --- x Ip, the P-Fold
Cartesian product of I,,. So, X is a stochastic process indexed by t = (t1,--- ,tp) €1l
and taking values in the P-Fold Cartesian product space H := £2(I;) x - - - x £L2(Ip).

Let the scalar product {(:,-)) : H x H — R, be defined as:
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P P
L9y = 2<fpa9p>£2(lp) = 2 L fp(tp)gp(tp)dtpa f,ge 3.
p=1 p=1v'p

Then, H is a Hilbert space with respect to {(,)) (Prop.1 of
Happ and Greven (2018)). We denote by ||-|| the norm induced by {{:, -)).

2.1. Sampling context

Let us describe the Choice-Based Sampling (CBS) process of interest. Consider
that in a given population we observe a discrete random variable Y that takes
values in {0,1}. Let Q(i) = P(Y = i) be the share of individuals such that ¥ = ¢
in the considered population with ¢ € {0,1}. We assume that the population is
divided, according to the values of the responses variables Y, into two strata
8(0) = {(0,X),X € H} and 8(1) = {(1,X), X € H}. Let 0 < H(i) < 1 be the probability
with which one will draw an individual from stratum §(i). Set Q* = Q(1) and
H* = H(1). The sample of interest is composed of i.i.d observations X ... xX®)
of X sampled at the rates H*, 1 — H* from the two different strata. Then it is
composed of H*N and (1 — H*)N individuals from strata $(1) and §(0) respectively.

The remaining if the section gives a principal component analysis method for the
stratified sample X1, ... XV,

The results obtained in this work may be extending to the case of multiple strata
(more than two discrete values of Y). Note that other stratified sampling meth-
ods (Manski and Lerman (1977), Manski and McFadden (1981), Cosslett (1981),
Imbens (1992), Cardot et al.(2010)) may also be used depending on the situation
or domain of interest. The results obtained in this paper could then be extended
to more complex sampling.

2.2. Multivariate Karhunen-Loéve representation

We assume that E [ X (t)] := (E[X1(t1)],...,E[Xp(tp)]) =0, V t € I. Let C denote the
P x P matrix-valued covariance function which, for s, t € I, is defined as

C(s,t) := E[X(s) ® X(t)],

where the (p, gq)th element of the matrix C(s,t), for 1 < p,¢q < P, is the covariance
function between the p-th and the ¢-th components of X:

Cpq(Spstg) == E[Xp(5p) Xg(tg)] = Cov(Xp(sp), Xo(tg)), sp € Iptq € Iy

In particular, C, ,(-,-) belongs to £2(I, x I,).
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The covariance C defines a linear self-adjoint and positive operator, I" : H — 3, the
covariance operator of X on the Hilbert space H, where for f € 3 and t € I, the gth
component of I'f(t) is given by

P

(Ff)(q)(tq) =0 g tg) O = Z L Cpq(Spstq) fp(sp)dsp, tq€ Iy, f eI

p=1 P

Assume that there exist constants M, such that

f (Cpa(sprtq))’ dty < Mpy < 0, Vs, € I, (1)
I

q

where Cp.(sp,:) : I, x I — R is wuniformly continuous (see
Happ and Greven (2018), Prop. 2, for more details), then I' is compact, self-
adjoint and positive operator and it can be diagonalized.

By the theory of Hilbert-Schmidt operators (e.g. Reed and Simon (1980), Theorem.
VI.16), there exists a complete orthonormal basis {¢;,j = 1,2,...} ¢  and a se-
quence of real numbers A\; > \; > ... > 0 such that

The \;’s are the eigenvalues of the covariance operator I' and the ¢,’s are the asso-
ciated eigenfunctions. The multivariate version of the Karhunen-Loéve’s represen-
tation (Prop. 4, p. 6 in Happ and Greven (2018)) is:

X)) = Y &o,(), tel,
j=1

with zero mean random variables ¢; = {(X, ¢;)) and Cov({;,&) = N1—;. Let J > 1
and assume that the first J eigenvalues are nonzero, i.e. A\ = X2 = ... = A\j = A\jy1.
By an easy extension of Theorem 3.2 in Horvath and Kokoszka (2012), one can
deduce that, up to a sign, the elements of the MFPCA basis are characterized by
the following property :

61 = argmax(T9,)) such that  [Jo]| = 1.
62 = argmax(T9.)) such that [Jof| =1 and (.01)) =0,

0141 = argmax(T,6)) such that [|¢]| = 1 and ((6,60)) = 0, Y < J.
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In practice, the MFPCA basis is privileged because it induces the most accurate
truncation for a given J. Then, the truncated Karhunen-Loéve expansion of the
process X is

J
Xin(t) = D &o,(t), tel J>1; )
Jj=1

and the truncated Karhunen-Loéve expansion of the components of the process X
is

Jp
Xp-,ffp](tp) = Z §piPpi(tp), tp€lp, Jp=1, 1<p<P 3)
j=1

where {¢,;,j = 1,2,...} is the univariate FPCA basis associated to the covariance
operator I', of X, and the scores are ¢,; = <{X,, ¢, ;. Happ and Greven (2018)
(Prop.5, p.7) derived a direct relationship between the truncated representations (3)
of the single elements X, and the truncated representation (2) of the multivariate
functional data X.

2.3. Empirical MFPCA under CBS

In practice, the eigenvalues {);},>:, eigenfunctions {¢;},>1 and scores {¢;},>1 have
to be estimated using a CBS sample since they are not known. The second part
of Prop. 5 p.7 in Happ and Greven (2018) drives a convenient estimation approach.

Given a sample of N i.i.d observations XM, ... X(N) of X drawn through the above
CBS sampling, the new proposed estimation procedure for MFPCA consists of four
steps:

Step 1. For each element X, estimate a univariate FPCA based on the observations

XI(,U, . ,XZSN). The eigenfunctions constructed are those of the integral operator
associated with the integral kernel defined by the variance-covariance function of
X,, which is estimated for each s,t € I, as follows (Ahmed et al.(2018), p. 142):

- 1

1-Q*
Kp(s,t) = N1

1-H*

N *
DX ()X (2) (Q (Y, =1) +

T I(Y, = 0)) ; (4)

n=1

where Y,,, n = 1,..., N are the iid. observations of the binary random variable Y
related to the sampling.

This results in estimated eigenfunctions q@m and scores X}) ,n=1....,.N, j =
1,...,J, for a given truncation integer J,,.
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This FPCA helps to construct a eigenbasis adapted to the sampling of interest
compared with the classical FPCA (Cardot et al.(2010) p. 84).

Step 2. Define the matrix = ¢ RV */+ with J, = 25:1 J,, where each row
(Affll), . 75@1"“7 Ag”i,..., Ag‘?,p) contains the estimated scores for the P compo-

nents of the n-th observation. Let's consider the matrix Z ¢ R’+*/+ (Prop.5., p.7
Happ and Greven (2018)) consisting of blocks Z% € R’»*’s with entries

Z00 = Cov(&pynqn) G=1ieidp k=1,....Js pg=1,.. P

An estimate Z € R7+*7+ of the matrix Z in the context of stratified sampling is given
by

S 1 _ Q* 1-Q* 3
Z_N_l_ (H*H(, )+1_H*H(Yn—0)>. (5)

Note that when the sampling is random, it suffices to use (4) and (5) with

* = Q.

Step 3. Perform a matrix eigen-analysis for Z resulting in eigenvalues 5\j and
orthonormal eigenvectors ;.

Step 4. Elements of the estimated multivariate eigenfunctions are given by
P
bp.i(ty Zvjpkgspk tyel, j=1,...,J;

and the corresponding multivariate scores can be calculated via

The estimated eigenvalues and functions are derived under the assumption
of a finite sample size N and a finite Karhunen-Loéve representation for each
univariate function X,,. They are relevant in practice with an appropriate choice
of the truncation orders. Indeed, these orders J,,p = 1,...,P may increase
along with the sample size. Hence, it is worth to investigate the infinite sam-
ple properties of the proposed methodology as J,,p =1,..., P and N tend to infinity.

Note that the univariate FPCA estimation procedure of Ahmed et al.(2018) is a par-
ticular case (P = 1) of the above proposed method.

Remark: In the finite sample properties, for seek of comparison with
Happ and Greven (2018), we give results based on the MFPCA estimation algorithm
under CBS using a smoothed covariance operator associated with the estimated
covariance function K-, -).
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3. Asymptotic Properties

We give in this section infinite sample properties of the eigen-elements estimators
and functional variables approximations.

Let us consider the superpopulation asymptotic framework introduced by
Isaki and Fuller (1982) which supposes that the population and the sample size
tends to infinity. In the remainder C is a constant that may varies from line to line.
Let M be the size of the population, not necessarily known, in which the CBS was
performed. The next assumptions will be used to show the convergence results of
the estimated eigenelements.

(H1) sup H‘X(”)
1<n<N

(H2) limy . (N/M) = 7 €]0, 1],
(H3) min (%H(Yn =1)+ 1-Q

<C<oo,

lsn<N 1-H*
(H4) Apy, = sup (A — Apj+1) - < o for every finite J,,,

Iy, = O)) > ¢ > 0, with ¢ a constant,

Jj=1,....,Jp

1
(H5) f ,f E [X,(sp)°Xy(tg)?] dsp dty <0, Vg=1,...,P,
IP Iq

(HB) {($,j,bp;>=0,forallj=1,...,J,
H7) £ =X\, ¢, ). forall j=1,...,J,andn =1,...,N.

Assumption (H1) is classical in functional data analysis, it does not implies that
the variables X(")(t) are uniformly bounded in n and t € I. It is for instance
fulfills when X, is a standard brownian motion (see e.g, Cardot et al.(2010)).
Assumptions (H2) and (H3) are verified by sampling plans such as simple random
sampling without replacement or stratified sampling (see Cardot et al.(2010) for
more details) including the CBS of interest.

Assumptions (H4) and (H5) are about theoretical properties of X, and I',, while
assumptions (H6) and (H7) depend on the univariate decompositions used; they
are similar to assumptions (Al), (A2), (A4) and (A5) in Happ and Greven (2018).
Assumption (H4) guarantees that the first J, univariate eigenvalues of each element
have multiplicity 1.

Proposition 1. (Estimation Error). Assume (H4) — (H7) hold. Then for um.. =
maxp—1,..pJp and A; := max,-1,.. p 4, 5, the maximal eigenvalue of Z — Z can be
characterized by

Vmax(Z — Z) =0, (umaXNfl/2 max(1, AJ)) .

Let )\E-J], ¢J[J], j € N, be respectively the eigenvalues and eigenfunctions of the co-
variance operator 'Vl associated with X'/ of truncated univariate elements XL =
Zjil &p.ibp.; and scores §J[-‘]] = <<X[J],¢£f]]>>. It holds forallj = 1,...,.J, that
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)\E A =0, (umdx 1/2nlax(1,AJ)),
¢ - as} = 0, (W2 N2 max(1,4,)),
VI _gm| _ o, (3/2 “172 ax(1, AJ)),

’HX N _ x| Z o, (ulnaxAJN*/?),

with X1 = Zjil éénj) ¢p.; the univariate components of X/1") (Z and Z defined in
Section 2.3).

4. Numerical experiments

Based on the MFPCA procedure presented in the previous sections, the properties
of the functional analysis estimation are computationally studied in the first two
parts of the following section, whereas an application using real data is presented
in the last part. We compare the results of the proposed PCA methodology with
that of Happ and Greven (2018) under different strata sizes of the population and
the sample.

In all the numerical experiments, we considered a B-spline smoothing of the co-
variance operator estimate with 15 basis functions. This smoothing step imple-
mented in the R package MFPCA of Happ (2017b) is adapted to our case study. It
uses one of the univariate FPCA methods implemented in the R package refund
(Crainiceanu et al.(2014)) with global smoothing compare to the local one of 'PACE’
algorithm (Yao et al.(2005)). Several other packages have been used to simulate the
data, namely the R packages fda (Ramsay et al.(2022)) and fundata (Happ (2017a)).
Note that, numerical analyses with the unsmoothed version of the covariance es-
timate, not presented here, have also been done. They give less performances than
those based on the smoothed estimate.

4.1. Simulation study

We study here the performance of the proposed procedure based on synthetic strat-
ified data with three different models, highlighting the importance of considering
the choice-based sampling design. For this settings, the multivariate random func-
tion is of the form

J
6= Y &as(0) +e(0), e(t) ¥ N,0,0.1), el ©)

where J is the number of the used basis fuy,.()unctions {¢;};.

Model 1: Densely observed bivariate functional data on the same interval
with different numbers of observation points.
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We consider the sampling method defined in Section 2. We simulate the popula-
tion functional data using the first J; = J, = 25, functions of the Fourier basis
{#1,;(t) = ¢2,;(t) = V/2sin(jrt),t € [0,1]} and consider the bivariate functional vari-
able

X = (leXQ)T‘i‘E, (7)
with
J1
t1) = D) €g1,(t) tieh =[0,1]
j=1

J2
t2) = D Cagd2,(t2) trelr=1[0,1]
j=1

where the random coefficients &; ; ~ N(0, (J1 +1—j)/Ji1 +1) and & _; ~ N(0,1/7 +1).
The data are considered without (0. = 0) and with measurement error (o, = 1.6).
The data generation process follows.

Step 1. We generate a population data {X(")(t),t eI} _ ofsize M = 2000 where

X () is generated as described in (7). The functions X 1(") and Xé") are respectively
on an equispaced grids of E; = 100 and E, = 50 sampling points in [0, 1].

Step 2 Let Y™ = By + ({8, XM} + ¢, a latent variable with 8 = (51, 3,)T a multi-

variate functional parameter defined as 3(t) = (2]25:1 01,561,5(t1), Z?il 02,5 ¢2,j(t2))T,
with 6,; = 6,; = 0 for j > 4. The intercept 3, = 0.8 and the first three mul-
tivariate coefficients are: (6,; = 1.0,657 = 1.3), (b1 = —0.7,02, = 0.7) and
(013 =0.9,02 3 = 0.4). We consider that the errors e™ ~ N(0,0.01), with a signal-to-
noise ratio of the order of 4.1, n =1,... M.

Step 3 We set a binary variable Y™, = 1,...,M such that

0 else

where ¢, is the empirical quantile of order a, 0 < a < 1, associated with
Y, = (Y*(")) o Thus Y is a Bernoulli random variable, and « allows to
n=1,...

fix different values of the proportion of Y(") = 1 (cases), that is Q*. For values of
a = 0.90,0.70,0.50, and 0.15 we have respectively @* = 0.10,0.30,0.50, and 0.85, low,
moderate and high cases in the populations.

Step 4. We draw different stratified samples (X, ..., X(")) of size N = 250 with
different proportions of cases (Y = 1) in the sample: H* = 0.1,0.5, and 0.7.
If H* = 0.5, this means that in the obtained stratified sample, the number of
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individuals with response Y (") = 1 (called cases) is equal to N/2, as the number
of individuals with response Y = 0 (controls). Note that varying Q* with a fixed
value of H* allows to observe the influence of the ratio Q*/H* on the proposed
MFPCAcgs method. o

Model 2: Densely observed bivariate functional data on different intervals

Here, we consider a similar scheme as above (o, = 0, 1.6 and Q% =
0.10, 0.30, 0.50, 0.85) as in Model 1 but on different intervals I; = [—1,1] and
I, = [0,1.5], using the first J; = J, = 25 functions of the Fourier basis on these
intervals. The observations are sampled on equidistant grids with E; = 100 for

Xl(") and E, = 60 for XQ(”).
Model 3: Trivariate functional data on different intervals.

We extend the simulation setting 2 of Happ and Greven (2018) to the sampling
design of interest. Model (6) is used with a multivariate functional process

X = (X17X27X3)T + €,

where 0. = 0 and 0.5, random coefficients §; ~ N(0,};), eigenvalues with ex-
ponential (A]™ = exp(—(j +1)/2)) or linear (N =(J+1-j)/J) decrease, and
eigenfunctions ¢; simulated using the first J Fourier basis functions on dif-
ferent intervals I; = [-1,0.5], I, = [0,1] and I3 = [1.5,2] (for more details, see
Happ and Greven (2018)). In the following, we take J = 8 and J = 20.

We generate a population dataset {X (") (t),t e I}n:1 ,y Oof size M = 10000 and use
the same stratification method as in Cardot et al.(2010) to draw a sample. The
variables X,S”)7 p = 1,2,3, are generated on an equi-spaced grids of F; = E3 = 50

and E> = 100 sampling points.

First, we construct two strata §(0) and §(1) as follows. The first strata is composed
of X(" = o, X with corresponding response Y = 0, a; = 2, n = 1,..., 7000. For
the second stratalet X(") = ap X(™ and Y™ =1, n = 7001, ..., M, as = 4. This means
that the proportion of cases in the population is @* = 0.30. Note that the two strata
have similar functional shape, the second strata functions are translations of the
first ones.

Next, we draw different stratified samples according to three different sizes N =
100, 250, and 1000 with different proportions of cases in the samples: H* = 0.1,0.5,
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and 0.7. Each stratified sample is built by drawing independently two simple ran-
dom samples of sizes N 4.5 in the strata 8(1) and Neontrots = N — Neases in the strata
8(0). The sample sizes are chosen such as in the strata:

NCQSCS NCO'VLtT()lS
Neases _ pre gpq  comtrols _q _ prx.
N an N

To evaluate our estimation methodology, the size of the maximal eigenvalue gap
Ay is computed for each of the kind of eigenfunctions. Namely, we have A;Xp =
Cexp(—J), C > 0and A" = J. To vary this gap, we just need to vary the maximum
rank J (8 and 20) of the multivariate components. The results for Model 3 are given
in Tables 7-8 and Figure 3.

4.1.1. Discussion

The samples generated with the three models are used to investigate the perfor-
mance of the MFPCAcgs estimation method based on the univariate functional
principal components that are calculated by the FPCA under CBS algorithm
implemented in Ahmed et al.(2018). Optimal choice of £ and ¢ depends on the PCA
method and the choice of the number J of eigenfunctions used in the truncation
strategy. The choice of the number J, of univariate eigenfunctions used in the
truncation strategy is a key step in functional data analysis and many approaches
are used. Ahmed et al.(2018) focused on the selection of J, by Akaike Information
Criterion (AIC) since they were mainly interested to a regression problem. Among
the various choices of the number of principal components, those associated
with cumulative inertia values lower than some threshold (for instance 80%),
is of interest here. This approach is considered as the most stable in terms of
“optimal” choice. Other choices related to the number of eigenvalues larger the
mean ("Kaiser”) or the “elbow” method that selects all components just before the
eigenvalues curve flattens out is also usual.

In order to study the performance of the proposed method, we compare our ap-
proach to that of Happ and Greven (2018) using the same local smoothing of the
covariance operator estimate of univariate FPCA, implemented in the R package
MFPCA (Happ (2017b)). After applying MFPCAcps and its random sampling coun-
terpart MFPCA on the three simulated models, we reconstruct the data using
the first J estimated eigenfunctions. The goodness of the reconstructed obser-
vations X = Z;’Zl €;0;(t) is evaluated by the mean relative squared error (see
Happ and Greven (2018))

N 2 2
wrse = ¢ 3 (e - xe /e ]).

based on the J = 14; 20 first multivariate principal components for Models 1 and 2,
and on the J = 8;20 multivariate principal components for Model 3. The accuracy
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of the resulting eigenfunctions estimates dEj (resp. eigenvalues estimates 5\j) is

~ R 2
measured by the relative errors Er(¢;) = ’H(b —¢; ‘ /l#]|? for Models 1 and 2, using

the J = 9 first estimated eigenfunctions (resp. Er(}\;) = ()\j — ;\j)Q //\5 for Model 3,
using the J = 5 first estimated eigenvalues for the sample sizes N = 250 and 1000).
In order to show the relevance of the noise levels chosen, we give in each of the
tables of the three models a with and without signal-to-noise ratio (SN Rx) on the
functional variable X. A signal to noise ratio SNRy = 4 on the response variable
Y has been considered.

The obtained results (based on 100 Monte Carlo replications) of Model 1 are
presented in Tables 1, 2, 3 and Figure 1. Tables 1 and 2 give the average MRSE
for all the proportions Q*. It shows that MFPCAcgs yields significantly smaller
MRSE than MFPCA without (0. = 0) or with measurement error (c. = 1.6). The
presence of measurement error has an impact on the MRSE in both methods.
The comparison of the eigenfunctions estimation (Figure 1) shows that MFPCAcps
gives more accurate estimates with lower errors.

In Model 1, increasing the proportion Q* does not affect the quality of the
results obtained by our method. MFPCAcps leads to very good results for the
goodness of reconstruction of the data and for the accuracy of eigenfunctions
obtained, it outperforms MFPCA. To investigate the choice of estimated number of
components, we compute for Model 1, the number of components to get different
percentage of explained variance (80%, 95%, 99%). The results are given in Table 3
which shows that the number of components estimated by MFPCAcgs to achieve
a given percentage of explained variance is higher but close to that of the MFPCA
up to two components, keeping in mind that the true number of component is 25.

The results for Model 2 are given in Tables 4, 5 and Figure 2. In this model,
MFPCAcps gives good estimates of the eigenfunctions with small MRSE in the
reconstruction of the data compared to MFPCA (Tables 4, 5 and Figure 2). Both
methods are sensitive to the presence of measurement error and the proportion
Q* of cases in the population does not influence MFPCA¢gs’s performance. The
reconstruction of X 1(”) by MFPCAcgs is as good as in Model 1 compare to the case
of Xx{™, although it's much better than MFPCA. This can be explained by the

smaller number of sampling points (E; = 60) considered for X2(”). This highlights
the well known influence of sampling points when transforming raw data to a
functional object.

Note that for MFPCAcgs when fixing the proportions of cases in the population
Q*, a sample with similar size of cases (Q*) yields better results lower or higher
Q* while the choice of Q* does not actually influence the performance of MFPCA.
When the structure of the sample is close to that of the population then the
reconstruction of the data by MFPCAcgs is improved, which is not surprising.
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The results presented in the first tables and figures for Model 1 and Model 2, were

obtained with Z = ﬁETE as in Happ and Greven (2018). We also run the same
numerical studies with Z = . ETE (%:H(KL =1)+ %H(Yn = 0)) (see Section

2.3) for MFPCAcgs. We observe a slight but not significant difference in the MRSE
associated to MFPCAcgs (Table 6). Hence including Q* a second time through 7
(see steps 1 and 2 in Section 2.3) to take into account the sampling design in the
MFPCA procedure is not necessary.

In Model 3 setting, MFPCAcgs and MFPCA yield similar results for almost all the
values of H* considered when the number of components is J = 8 (small eigen-
value gap compare to J = 20 in the linear case) with generally a decrease of MRSE
for both methods when the sample size N increases (Tables 7-8 and Figure 3).
Moreover, the variation of the maximal eigenvalue gap shows the performance of
MFPCAcps when the number of multivariate components increases (J = 20). With
a larger number of components (J = 20) the gap is large for the linear eigenvalue
setting and very small for the exponential setting. The first eigenfunctions are
better estimated compare to the last ones in particular for the MFPCA method.
Note that in the setting of Model 3, the shapes of the functions in the two strata
are not very different in shape, then classical PCA works well.

Overall, the simulation results support the fact that the sampling method must
be taken into account in the principal component empirical analysis in particular
when the two strata have different behaviors. This finite sample study shows the
effectiveness of the new method compared to MFPCA when the data are drawn
under choice-based sampling.

4.2. Real data

Most cancer patient die due to metastasis, and the early onset of this multi-
step process is usually missed by current staging tumor modalities. Advanced
techniques exist to enrich disseminated tumor cells from patient blood and
bone marrow as cancer progression marker. However, these cells present high
heterogeneity, only some of them can exhibit stem cell phenotype and tumor
development potential, others can have plasticity potential to reprogram into
cancer stem cells. So, detection and characterization are challenging due to lack
of clear phenotypic markers. Therefore, there is a critical need to find new ways to
anticipate and predict metastasis development at an early stage of patient care.
Cancer progression involves many cellular morphological effects, which have been
revealed by biophysical studies. The relevance of the characterization of cancer
cells by their bio-mechanical phenotype is attested by reports pointing out their
physical alteration as reduced cell stiffness with invasiveness for lung, breast and
colon cancers, while the deformability of circulating lymphocytes is reduced in the
case of acute lymphoblastic leukemia. The physical properties even allow identify-
ing different malignant breast epithelial cell lines by their deform-ability and their
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viscoelastic behavior. Even though the analysis capability of cancer cells by their
physical characteristics has been demonstrated, reports mostly compare different
known states of cancer cells. So far to our knowledge, no prediction capability
has been reported to detect cancer cells and evaluate their invasiveness only by
bio-mechanical characterization. Nowadays, there is a growing interest in the use
of cell physical phenotyping to detect and categorize disseminating cells population
by several types of physical parameters (electrical and mechanical) using MEMS
(Micro Electro Mechanical Systems) technology performing. The MEMS devices
Takayama et al.(2018), Yamahata et al.(2008), Ahmadian et al.(2022) capture a
cell for stimulation and provides the information on the mechanical/electrical
properties of the captured cell. They performed a compression assay protocol on
each cell and measured changes in the resonance frequency and amplitude values
for single-cell biophysical properties. They monitored resonance frequency and
amplitude related to the mechanical property of the cell (stiffness and viscosity)
and physical property as a function of time in addition to the initial measurement
on the cell dimension.

This application aims to apply the developed functional multivariate principal
component analysis on a case-control sample based on a population of cancer
cells of two different categories (one most metastatic than the other). Namely,
we extract several samples from a population of cells. The population data of
size almost 3000 is derived from the MEM devices, they are composed of p = 5
characteristics including the amplitude (size) and the 4 electrical properties
(function of time during the compression period, at 1 and 5 Mega hertz, real and
imaginary signal) of single cells from three different breast cancer cell lines in
a controlled environment. The compression assays on two sets of breast cancer
cell lines, one with less metastatic potential (named case) while the other is of
higher metastatic potential is divided into two different cell line categories (named
controll and control2). We then consider two populations named P1 and P2. The
first is composed with higher metastatic (controll) and less metastatic potential
(case) cell lines while the P2 is composed of the same sub-population of less
metastatic potential cell line (case) and another different higher metastatic cell
line (control2). The percentage of cases in the two populations is respectively
QF = 67.06% and Q% = 48.07%. For each cell we have a curve on the amplitude (size)
and four electrical signal curves (real and imaginary time functions at 1 and 5
Mega hertz) of same time domain, scaled in [0, 3] but different number of observed
time points.

The raw data are first smoothed using B-splines. Note that the cell properties
are of different length and different observed time points. Some of the raw data
are sparse, then smoothing allows for a more realistic consideration of the whole
dataset as functional data. The number of spline basis functions used for this case
study is 10. The real data curves for each of the features are given in Figure 4 to
Figure 8 showing different variations with respect to cell types. The less metastatic
group (case) has higher amplitude (size).
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Then we apply the proposed methodology on different constructed choice-based
samples (H* = 0.15;0.25;0.5) in the population. We compare the reconstruction
of the original data with that obtained by the MFPCA Happ and Greven (2018)
method ignoring the non-random nature of the sample using.

The results show that the first four multivariate functional principal components,
achieve over 95% of the percentages of explained variance, as shown in Figure 9
and Figure 10 for both methods. Note the non correlation of the FPC scores. For
J selection, we use the scree plot criterion looking for the “elbow” in the curve
and selects all components just before the line flattens out (here J = 4 for both
methods and different proportions H* = 0.15,0.25,0.50). This choice combined with
that of the explained variance rate allows to reach more than 95% of variance.
The reconstruction results given in Tables 9 and 10 are based on 50 replications
and J = 5. They show that the proposed method outperforms compare to MFPCA.
Note that the mean squared error of MFPCA is larger than that of MFPCAcgs, with
the same explained variance achieving a similar number of principal components
J. The heatmaps of the first four estimated eigenfunctions by both methods are
shown in Figure 11. For seek of simplicity, we only present the map of the second
population (with Q% = 48.07%) to compare MFPCAcgs. The five physical parameters
features reconstructions, for a given cell, by MFPCAcgs and MFPCA are given in
Figure 12 to Figure 16, and compared to the true functions, for the case H* = 0.5.
Overall, the reconstructed curves obtained by both methods have a very similar
shape to the real functions, but the proposed method outperforms. These results
confirm the simulations finding regarding the usefulness of the proposed method
when the sample of interest is far from random.

5. Conclusion

This work developed a multivariate functional principal component analy-
sis approach, in which the sample is stratified under a choice-based design.
Specifically, we extended the multivariate functional PCA method proposed by
Happ and Greven (2018), which requires a random sample and the univariate
stratified PCA method of Ahmed et al.(2018). To take into account the non-random
nature of the sample we develop a new covariance operator, functional principal
component functions and scores estimation strategy using a truncated series ex-
pansion. We establish that this strategy is asymptotically a correct approximation,
when the truncation dimension grows large with the sample size.

The numerical results on synthetic data show that the proposed methodology
outperform compare to that ignores the non-random nature of the data. Most
importantly, as the proportions of cases of the population Q* grows large,
Happ and Greven (2018)’s method appears to be less performing while when the
sample is distributed as the population in terms of cases (Q* ~ H*) then the
proposed methodology gives better result. In practice, we adapt MFPCA estimation
procedure. We use the raw functional data to estimate the smoothed covariance
operator as in MFPCA, the only difference is that our covariance estimate takes

Journal home page: http:/ /wwuw.jafristat.net, wwuw.projecteuclid.org/euclid.as,
wwuw.gjol.info/ afst
This issue [Vol 17 (4)] was open on October 1, 2022 and closed on September 30,
2023



C. J. Agonkoui, F. D. Moussa and S. Dabo-Niang, Afrika Statistika, Vol. 17 (4), 2022,
pages 3321 - 3366. Multivariate functional principal component analysis for endogenously
stratified data. 3338

into account the endogeneous sampling. We also numerically investigate the
behavior of the PCA when the data are first smoothed (as in the theoretical setting
where the functional data are smoothed) and an un-smoothed covariance operator
is estimated, these results (not shown here) give a good performance, but they
cannot be compared with MFPCA of Happ and Greven (2018) who considered raw
data and a smoothed covariance operator in all their numerical experiments.
The results obtained suggest that the RMSE is sensitive to the smoothing of the
covariance operator. Further investigations will be done in the future to investigate
deeply the effect of the smoothing of raw and covariance functions on MFPCAcps.

An empirical application using cancer cell lines population dataset where different
stratified samples are derived, provides good results and shows the performance
of the propose methodology. Finally, the proposed multivariate functional princi-
pal component analysis constitutes a fundamental method to reduce dimension of
multivariate functional data when the sample is stratified under a choice-based
or case-control sampling from a given population. This open an array of potential
extensions to other kind of stratified sampling and applications in clustering or su-
pervised learning models where one is interested to estimate a binary regression
model described linking Y to the multivariate functional variable X.
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Table 1. Average MRSE over 100 replications for Model 1 (with the corresponding
standard deviation in brackets) depending on small, moderate and large propor-
tions of Q* and H* of events (Y = 1), and different measurement error variance (o,
with signal to noise ratios for X and Y denoted SNRx and SN Ry) with the J = 20
first multivariate principal components.

Model 1.
Parameters % o =0 (SNRx=0, SNRy=4.1) o. = 1.6 (SNRx=5, SNRy=4.1)
Q MFPCAcps MFPCA MFPCAcgs MFPCA
0.10 0.113 0.261 0.419 0.520
H* — 01 (4.0107?) (6.9107%) (6.2107%) (7.310°%)
0.30 0.114 0.262 0.418 0.515
(4.010 %) (6.810 %) (6.6 10 3) (7.310 %)
0.50 0.113 0.260 0.420 0.515
(3.4107%) (6.9107%) (5.9107%) (6.7 1072)
0.85 0.117 0.264 0.440 0.518
(4.91072) (4.1 107%) (9.7 107%) (4.6 1072)
0.10 0.111 0.265 0.417 0.519
H* — 05 (8.0107?) (6.0 1073) (4.81079) (5.410°%)
0.30 0.113 0.262 0.417 0.517
(3.810 %) (8.010 %) (5.710°%) (6.310°%)
0.50 0.114 0.262 0.419 0.519
(4.010 %) (7.6 10 3) (6.210°%) (6.910 3)
0.85 0.113 0.263 0.416 0.516
(8.410 %) (6.7 10°3) (5.610°?%) (6.910°%)
0.10 0.111 0.267 0.421 0.523
H* — 07 (2.2 1073) (4.5107%) (4.31073) (4.8107%)
0.30 0.114 0.264 0.420 0.519
(8.310 %) (5.910 2) (6.110°2) (6.910 2)
0.50 0.114 0.264 0.418 0.518
(8.910 %) (7.6 10 2) 6.310°%) (6.510 2)
0.85 0.113 0.262 0.417 0.516
(8.710°3) (6.510 %) (6.210°%) (7.4 10°%)
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Table 2. Average MRSE over 100 replications for Model 1 (with the corresponding
standard deviation in brackets) depending on small, moderate and large propor-
tions of Q* and H* of events (Y = 1), and different measurement error variance (o,
with signal to noise ratios for X and Y denoted SNRx and SNRy) with the J = 14
first multivariate principal components.

Model 1.
Parameters % o =0 (SNRx=0, SNRy=4.1) o. = 1.6 (SNRx=5, SNRy=4.1)
Q MFPCAcps MFPCA MFPCAcgs MFPCA
0.10 0.163 0.271 0.455 0.523
H* — 01 (4.9107?) (7.0107®) (6.01073) (7.110°3)
: 0.30 0.164 0.272 0.455 0.522
(4.7 10 %) (6.810 %) (6.2 10 %) (6.4 10 %)
0.50 0.163 0.270 0.457 0.521
(4.7 1073) (7.01073) (6.31079) (6.81072)
0.85 0.168 0.274 0.473 0.528
(3.4107%) (4.2 107%) (5.3107%) (4.31072)
0.10 0.161 0.276 0.456 0.525
H* — 05 (8.91079) (6.11073) (5.11073) (5.310°%)
: 0.30 0.162 0.272 0.455 0.523
(5.010 3) (8.210 %) (5.510 %) (6.1 10°%)
0.50 0.163 0.272 0.457 0.525
(4.810 %) (7.7 10 %) (6.610°%) (6.6 10 3)
0.85 0.164 0.274 0.455 0.522
(4.810 %) (6.7 10°3) (5.810°%) (6.6 10°%)
0.10 0.161 0.278 0.458 0.530
H* — 07 (2.7 1073) (4.6 107%) (4.51073) (4.5107%)
’ 0.30 0.163 0.274 0.456 0.525
(4.31032) (6.810 2) (6.110°2) (6.2102)
0.50 0.163 0.272 0.458 0.526
(4.41032) (6.6 10 2) (5.6 10°2%) (6.510 2)
0.85 0.164 0.272 0.456 0.524
(4.810 %) (7.1 10 %) (6.010 %) (6.7 103
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Fig. 1. Comparison of relative errors for eigenfunctions of the two methods for
Model 1, depending on proportion Q* of events (Y = 1) and measurement error
(0e = 0 (SNRx=0) and o, = 1.6 (SNRx=5)) with H* = 0.5 fixed.

Table 3. Average over 100 replications of the number of multivariate functional
principal components estimated for Model 1, with different proportion Q* of events
(Y = 1), measurement error, with J chosen to count 80%, 95%,99% of the variance
(pve).

Percentage of variance explained (pve) True J
Model 1. 0.80 0.95 0.99
Q* MFPCAcgs MFPCA MFPCAces MFPCA MFPCAcgs MFPCA

oe=0 0.10 9.00 6.75 13.16 10.00 16.66 14.00 25
(SNRx =0, 0.30 8.99 6.85 13.22 9.98 16.63 13.92
SNRy=4.1) 0.85 9.00 6.90 13.39 10.00 16.51 13.96

oe=1.6 0.10 8.23 6.00 12.96 9.00 15.15 11.47 25
(SNRx =5, 0.30 8.18 6.01 12.96 9.00 15.16 11.44
SNRy=4.1) 0.85 8.22 6.02 12.93 9.00 15.18 11.48
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Table 4. Average MRSE over 100 replications for Model 2 (with the corresponding
standard deviation in brackets) depending on small, moderate and large propor-
tions of @* and H* of events (Y = 1), and different signal to noise ratio, with the
J = 20 first multivariate principal components.

Model 2.
Parameters Qf 0= 0 (SNRx=0, SNRy=4.1) oc = 1.6 (SNRx=3.5, SNRy=4.1)
MFPCAcps MFPCA MFPCAcgs MFPCA
0.10 0.114 0.263 0.527 0.609
H* — 01 (3.9107®) (7.21073) (6.010°%) (6.510°2)
0.30 0.113 0.260 0.527 0.609
(8.310 %) (7.510 %) (6.110°%) (7.1 1073)
0.50 0.113 0.260 0.532 0.609
(8.310 %) (6.6 10 3) (5.910°%) (6.110 %)
0.85 0.116 0.264 0.561 0.610
(8.31073%) (4.5 1079) (9.0107%) (4.2 1073)
0.10 0.111 0.267 0.527 0.609
H* — 05 (2.91073) (6.31079) (5.510°%) (5.7107%)
0.30 0.113 0.262 0.527 0.608
(8.810 %) (8.010 32) (5.7 10 2) (5.7 10°%)
0.50 0.114 0.262 0.527 0.609
(4.010 %) (6.8 10 %) (6.6 10 2) (6.7 10 3)
0.85 0.113 0.264 0.528 0.609
(8.410 %) (6.2103) (5.910 3) (5.7 10°%)
0.10 0.112 0.270 0.539 0.624
H* — 07 (2.7 107%) (5.0 1073) (5.0 107%) (4.2 107%)
0.30 0.114 0.263 0.530 0.613
(8.3107%) (6.91072) (5.91072) (6.2 1072)
0.50 0.113 0.263 0.529 0.613
(3.810 %) (7.7 102) (6.7 10 2) (6.910 2)
0.85 0.113 0.263 0.528 0.612
(8.710 %) (7.21032) (5.310 2) (6.2 109
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Table 5. Average MRSE over 100 replications for Model 2 (with the corresponding
standard deviation in brackets) depending on small, moderate and large propor-
tions of @* and H* of events (Y = 1), and different signal to noise ratio, with the
J = 14 first multivariate principal components.

Model 2.
Parameters o+ %= 0 (SNRx=0, SNRy=4.1) oe = 1.6 (SNRx=3.5, SNRy=4.1)
MFPCAcps MFPCA MFPCAcgs MFPCA
0.10 0.164 0.273 0.558 0.615
H* — 01 (4.6 1073) (7.3107%) (5.6 10°3%) (5.710°2)
‘ 0.30 0.163 0.271 0.561 0.617
(4.210°?) (7.610 3) (5.7 10°%) (6.010 %)
0.50 0.163 0.270 0.561 0.615
(4.410 %) (6.6 10 3) (6.510°%) (6.4 10 %)
0.85 0.168 0.274 0.584 0.621
(8.31073%) (4.5 1079) (5.9107%) (4.51073)
0.10 0.162 0.277 0.559 0.614
H* — 05 (3.91079) (6.4 10°%) (5.410°%) (5.510°%)
0.30 0.162 0.272 0.558 0.613
(4.910 %) (8.11032) (5.910 2) (5.8 10°%)
0.50 0.164 0.273 0.559 0.614
(4.810 %) (6.9 10 %) (6.7 10 3) (6.6 10 2)
0.85 0.164 0.274 0.559 0.614
(4.7 10°%) (6.2 10°%) (5.510 3) (5.6 10°%)
0.10 0.162 0.280 0.566 0.624
H* — 07 (3.2107%) (4.7 1073) (4.8 107%) (4.5 107%)
‘ 0.30 0.163 0.273 0.561 0.618
(4.4107%) (6.7 1072) (6.11072) (6.6 1072)
0.50 0.163 0.273 0.561 0.618
(4.210 %) (6.310 %) (6.810 2) (6.510 2)
0.85 0.162 0.273 0.560 0.616
(4.610 %) (6.4 10 32) (5.6 10 2) (5.5 10°%)
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Table 6. Average MRSE over 100 replications for Model 1 and Model 2 depending
on small, moderate and large proportions Q* of events (Y = 1) and different signal

to noise ratio with Z = ;878 (Fz1(Y, = 1) + {=§%1(¥, = 0)) and H* = 0.5.

1 1-H*
Model 1
MFPCAcgs
Q* e =0 o =1.6
(SNRx=0, SNRy=4.1) (SNRx=5, SNRy=4.1)
0.10 0.112 0.417
0.30 0.113 0.417
0.50 0.114 0.419
0.85 0.113 0.417
Model 2
MFPCAcBs
Q* oe =0 oe=1.6
(SNRx=0, SNRy=4.1) (SNRx=3.5, SNRy=4.1)
0.10 0.112 0.527
0.30 0.113 0.527
0.50 0.114 0.527
0.85 0.114 0.528
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Fig.2. Comparison of relative errors for eigenfunctions of the two methods for
Model 2, depending on proportion Q* of events (Y,, = 1) and measurement er-
ror (o = 0 (SNRx=0) and o, = 1.6 (SNRx=3.5)) with H* = 0.5 fixed.
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Table 7. Average MRSE (in %) over 100 replications for Model 3 (with the cor-
responding standard deviation in brackets) based on the 8 functional principal
components used for each method with three different sample sizes N = 100, 250

and 1000, @* = 0.30 and H* varying.

Model 3
Parameters N J e =0 e =05
A" (SNRx=0)  A°® (SNRx=0) A" (SNRx=2.6) A7 (SNRx=2)
. 8  MFPCAcss 0.222 0.298 16.955 27.901
H® =015 100 (0.051) (0.090) (0.876) (1.396)
8  MFPCA 0.223 0.287 16.988 27.987
(0.049) (0.057) (0.879) (1.414)
o508 MFPCAcs 0.206 0.295 16.993 27.876
(0.008) (0.017) (0.601) (0.842)
8  MFPCA 0.208 0.296 17.010 27.939
(0.007) (0.016) (0.602) (0.839)
looo & MFPCAcss 0.204 0.291 17.062 27.998
(0.003) (0.010) (0.249) (0.428)
8  MFPCA 0.207 0.293 17.068 28.017
(0.003) (0.010) (0.249) (0.429)
. 8  MFPCAcss 0.221 0.302 16.989 27.833
H™ =050 100 (0.048) (0.086) (0.840) (1.367)
8  MFPCA 0.214 0.301 17.023 27.927
(0.029) (0.082) (0.843) (1.367)
50 & MFPCAcss 0.213 0.293 16.988 28.163
(0.035) (0.019) (0.516) (0.941)
8  MFPCA 0.213 0.294 17.003 28.228
(0.028) (0.019) (0.517) (0.943)
looo & MFPCAcos 0.204 0.291 17.075 28.132
(0.003) (0.010) (0.218) (0.455)
8  MFPCA 0.207 0.293 17.080 28.153
(0.003) (0.010) 0.217) (0.459)
. 8§ MFPCAcns 0.235 0.328 17.150 28.264
H® =070 100 (0.053) (0.133) (0.964) (1.348)
8  MFPCA 0.213 0.300 17.127 28.278
(0.024) (0.084) (0.965) (1.336)
5o & MFPCAcs 0.214 0.297 17.093 28.341
(0.023) (0.019) (0.544) (0.794)
8  MFPCA 0.209 0.294 17.083 28.364
(0.008) (0.018) (0.543) (0.794)
oo & MFPCAcss 0.206 0.293 17.084 28.190
(0.003) (0.008) (0.248) (0.433)
8  MFPCA 0.208 0.294 17.084 28.223
(0.003) (0.008) (0.247) (0.433)
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Table 8. Average MRSE (in %) over 100 replications for Model 3 (with the cor-
responding standard deviation in brackets) based on the 20 functional principal
components used for each method with three different sample sizes N = 100, 250

and 1000, @* = 0.30 and H* varying.

Model 3
Parameters N J e =0 e =0.5
A" (SNRx=0) X7 (SNRx=0) A" (SNRx=3.8) A7 (SNRx=2)
. 20  MFPCAcps 0.572 0.839 7.051 26.700
H® =015 100 (0.207) (0.129) (0.340) (1.262)
20  MFPCA 1.706 0.833 8.082 26.997
(0.176) (0.115) (0.305) (1.304)
b5 20 MFPCAcss 0.453 0.857 6.896 26.946
(0.149) (0.055) 0.211) 0.712)
20  MFPCA 1.636 0.860 8.073 27.047
(0.160) (0.055) (0.231) (0.718)
loop 20 MFPCAcss 0.428 0.872 6.902 27.242
(0.136) (0.030) (0.142) (0.352)
20  MFPCA 1.606 0.875 8.072 27.257
(0.115) (0.030) (0.134) (0.353)
. 20  MFPCAcps 0.567 0.854 7.085 26.389
H™ =050 100 (0.195) (0.097) (0.324) (1.275)
20 MFPCA 1.698 0.853 8.187 26.691
(0.181) (0.085) (0.324) (1.266)
bso 20 MFPCAcss 0.459 0.859 6.893 26.970
(0.155) (0.062) (0.218) (0.752)
20  MFPCA 1.670 0.861 8.076 27.086
(0.150) (0.062) (0.222) (0.759)
loop 20 MFPCAcss 0.439 0.867 6.841 27.067
(0.142) (0.028) (0.122) (0.370)
20  MFPCA 1.632 0.870 8.043 27.078
(0.139) (0.028) (0.148) (0.369)
. 50  MFPCAcps 0.666 0.903 7.254 26.806
H® =070 100 (0.254) (0.194) (0.332) (1.123)
20  MFPCA 1.700 0.836 8.109 26.986
(0.179) 0.112) (0.310) (1.166)
bso 20 MFPCAcss 0.520 0.863 7.008 26.839
(0.164) (0.063) (0.259) (0.827)
20  MFPCA 1.689 0.859 8.037 26.935
(0.166) (0.052) (0.230) (0.832)
Llooo 20 MFPCAcss 0.467 0.867 6.883 26.988
(0.148) (0.039) (0.163) (0.363)
20 MFPCA 1.660 0.870 8.092 26.985
(0.140) (0.028) (0.151) (0.365)
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Fig. 3. Comparison of relative errors for eigenvalues of the two methods for Model
3, depending on proportion H* and the sample size N (in each line, the left hand

size is for N = 250, right hand side is for N = 1000).
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Fig. 4. Smoothed amplitude (size) curves of the population cancer cells per group.

The right curves are the most softer (metastatic) group
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Fig. 6. Smoothed electrical (real signal at 5 Mega hertz) curves of the population
cancer cells per group. The right curves are the most softer (metastatic) group
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Fig. 7. Smoothed electrical (imaginary signal at 1 Mega hertz) curves of the pop-
ulation cancer cells per group. The right curves are the most softer (metastatic)

group
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Fig. 8. Smoothed electrical (imaginary signal at 5 Mega hertz) curves of the pop-
ulation cancer cells per group. The right curves are the most softer (metastatic)

group

Table 9. Results (mean relative squared errors of reconstruction; MRSE and cor-
responding standard deviation (in parentheses) using the 5 first principal com-
ponents of each method over 50 replications) with a CBS sample of size N = 400
drawn in the population P1, Qf = 67.06% and H* varying.

MRSE (in %)

MFPCAcgs MFPCA

H* =0.15 0.209 0.329
(0.020) (0.022)

H* =0.25 0.199 0.336
(0.020) (0.020)

H* =0.50 0.200 0.344
(0.019) (0.022)
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Table 10. Results (mean relative squared errors of reconstruction; MRSE and
corresponding standard deviation (in parentheses) using the 5 first principal com-
ponents of each method over 50 replications) with a CBS sample of size N = 400
drawn in the population P2, Qi = 48.07% and H* varying.

MRSE (in %)
MFPCAcgs MFPCA
H* =0.15 0.224 0.350
(0.027) (0.023)

H* =0.25 0.211 0.351
(0.020) (0.020)
H* =050 0.202 0.350

(0.020) (0.025)
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Fig. 9. Percentages of explained variance of the real data for the MFPCAcps method
for P2.
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Fig. 10. Percentages of explained variance of the real data for the MFPCA method
for P2.
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Fig. 12. Real amplitude data (curves in red) and reconstructed curves by MFPCAcgs
method (blue curves) and the MFPCA method (green curve). The right curves are
the most softer (metastatic) group, H* = 0.5 (population P2).
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Fig. 13. Real data for signal (real) at 1 Mega hertz (curves in red) and reconstructed
curves by MFPCAcps method (blue curves) and the MFPCA method (green curve).
The right curves are the most softer (metastatic) group, H* = 0.5 (population P2).
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Fig. 14. Real data for signal (real) at 5 Mega hertz (curves in red) and reconstructed
curves by MFPCAcps method (blue curves) and the MFPCA method (green curve).
The right curves are the most softer (metastatic) group, H* = 0.5 (population P2).
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Fig. 15. Real data for signal (imaginary) at 1 Mega hertz (curves in red) and recon-
structed curves by MFPCAcgs method (blue curves) and the MFPCA method (green
curve). The right curves are the most softer (metastatic) group, H* = 0.5 (popula-
tion P2).
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Fig. 16. Real data for signal (imaginary) at 5 Mega hertz (curves in red) and recon-
structed curves by MFPCAcps method (blue curves) and the MFPCA method (green
curve). The right curves are the most softer (metastatic) group, H* = 0.5 (popula-
tion P2).

Appendix.

This section contains the proofs details of the infinite sample properties. Let us first
study the univariate elements X, of X with covariance operator I', and associated
eigenvalues ), ; and eigenfunctions ¢, ;, j =1, ..., J,. Let |.||,, the Hilbert-Schmidt
norm for operators mapping £2(I,,) to £2(I,,). Let us present a preliminary lemma.

Lemma 1. (Cardot et al.(2010), p. 80). Under hypotheses (H1)-(H3), we have

HFP - fp”Op = Op(Nil/Q)

This result shows the consistency of the covariance operator estimators of the func-
tions X,, p = 1,..., P. The following result states the convergence of the truncated
eigen functions and scores to the true ones.

Proposition 2. (Happ and Greven (2018), Prop. 6 (Approximation Error))
The approximation error || X!/] — X||| converges to 0 in probability for Ji,...,J, — .

ForeachjeN, )\EJ ] converges to \; including multiplicity and the total projection QZJ[J]

of H onto the eigenspace of T’1 associated with )\E.J] conwerges in norm to the total
projection &; of H onto the eigenspace of I' associated with \;.
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In particular, if A\; and )\E‘I] both have multiplicity 1 with associated eigenfunctions ¢,
and ¢}, such that ((¢,, 61”1 > 0. then

[47 =6 0 for ety

The scores & j[.‘]] =X q&][-J] »» converge in probability to ¢; for all j € N.

All nonzero eigenvalues )\; are assumed to have multiplicity 1, then (see the above
proposition) the eigenfunctions ¢EJ] converge to ¢;, if ((¢;, qﬁy J »=0

Proof of Prop. 2. For f € H,t e I and p = 1,..., P, the covariance operator I'’]
associated with X[/ is given by

(F[J (p) Z J COV ]] $¢), X, [ (tp)> fa(sq)dsq, tp € 1.

Let Cq p(sq, p) := Cov (X,E‘”(sq), X,EJ](tp)). Similarly to Happ and Greven (2018), us-
ing Mercer’s Theorem [Mercer (1909)], the univariate Karhunen-Loéve Theorem
(e.g. Bosq (2000), Thm 1.5.) and (1), we have:

tpvt ZAPJ(ZﬁPJ ZAPJ(%J Cpp(tp,tp) for J, — o, 1, €I,

Var(X( ~ X(t,)) > 0 for J, — oo,

Var(X,(ty)) = Cov (X, (tp), Xp(tp)) = Cpp(tp: tp) < [|Cpplle <00 Vi, € I,

and

C(gﬂ (sq,tp) = Cqp(sq,tp) for Jg, J, — 0.

Then, it follows that I'”] is bounded and converges in norm to T for Jy,...,J, —
. Moreover, from the symmetry CLA(t,, s,) = CL)(s,.t,), T1/1 is self-adjoint. Now,
we shall prove the convergence results for )\[ ] qbg.‘]] and §j[-‘]]. I’ being a compact
operator, it is also bounded [Reed and Slmon (1980), Chapter VI.5.]. As T and il
are both bounded, self-adjoint and such that I'l’l converges in norm to T, the

eigenvalues )\][.J] of TVl converge to the eigenvalues ); of T' including multiplicity
and the associated total projections converge in norm [Weidmann (1997)]. Since
the difference of two projections is also a projection and the orthogonal projection
is 1-lipschitzian, we have
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o= o815 =2~ #7) ] <1

Then,

|#:- 2

o Il m‘%f - ‘@J[J]fm <%

Thus, 52’][‘]] converges in norm to &;.

If the j-th eigenvalue has multiplicity 1, then the projections on the eigenspaces
spanned by ¢; and quJ], respectively, are given by

Pif = f 05005, PY = F, ool et

Without loss of generality one may choose the orientation of ¢; and qﬁ][.J] such that
Ky, gzﬁ][-J] » = 0. In this case, as ¢; and QSE-J] both have norm 1,

|7:-2i

> |6 28]

- H‘%‘ — (85,85 ol H

= (1=« 05M) (1+ ey t),
A

Norm convergence of the total projections hence implies H‘¢j — ¢£.J] m — 0 for
Ji,...,Jp = co. For fixed j = 1,...,J, it holds that,

W] = |7 re; - ML),
< |(@5 = @) TT0y | + [T (05 — o8| + [T (0 — T,
<[lés = 8- As st + ]| Ul - s - R

= o(1).

Thus, the eigenvalues )\E.J] converge to the eigenvalues );. To derive convergence of

the scores ¢ J[J], note that for § > 0 and
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=

Tchebychev E (meZ)
PAXI>F) < —0m

ubini |
e ZJ E (X2(t kQEfcpp

1 1 §
<Ly | 1Chplett, < 35 S Challeo () =2 <
p=1"1p p=1

P 1/2
ZHC,DPH/U > )

oﬂm

i.e. the norm of X is bounded in probability (|| X|| = O,(1)). Moreover,

E [H(X _ x ‘HQ] Fubini i L E [IXp(tp) — X! (tp)lz] dt, — 0,
p=1I

for Ji,...,Jp, as the expectation in the integral converges uniformly to O and is thus
bounded (by univariate Karhunen-Loéve Theorem). As I, has finite measure, the
overall integral converges to 0. Hence || X — X[/]|| converges in the second mean to
0, thus || X — X1 = 0,(1). Finally, this leads to

1€ — €1 = KX, @5 — XD, gDy | =[x, @y — o1y + <o — XL gl 7y,
<KX, 65 — ol + (X — X1, glThys)

Cauchy—Schwarz ¢[J] H
Y

< I

= OP(]'):

i.e. Sj[.‘]] converges in probability to &;.

Lemma 2. Under the assumptions of Prop. 1 it holds that
Vmax(Z — Z) <0, (umaxj\f*l/2 max(1, AJ)) ,

Umax = MaXp—1

.....

Proof of Lemma 2. For p.q = 1,..., P and f € £?(1,) define the bounded operator
Tpq: £2(I,) — £2(1,) via

Journal home page: http:/ /wwuw.jafristat.net, wwuw.projecteuclid.org/euclid.as,
wwuw.gjol.info/ afst
This issue [Vol 17 (4)] was open on October 1, 2022 and closed on September 30,
2023



C. J. Agonkoui, F. D. Moussa and S. Dabo-Niang, Afrika Statistika, Vol. 17 (4), 2022,
pages 3321 - 3366. Multivariate functional principal component analysis for endogenously
stratified data. 3361

(Tpqf) () = L Cov(X,(s), Xq(t)) f(s)ds = L Cp.q(s,1) f(s)ds.

Analogously, define T, , : £2(I,,) — £%(I,) by

(Fraf) 0= | GOV, X,(0) F(5)s = | Gy (5,

P P

with

Cpa(s,t) := Cov(X,(s), X,(t)) = ﬁ DM (XM (1) (%H(Yn =1)+ - H*H(Yn = o)) .

Since the X (") are independent copies of the process X, it holds that

E[L L (Cp,q(s, t) — (Zy,,q(sgf))2 ds dt],
= EU J ( (5,1 Z XM (s)XM(t) <%H(m =1)+ %H(Yn = 0)>>2ds dt],

2t ] ), 2 1( N ot X xp0 (Fa00, = )+ 1=, < 0)))

(NT_cp,q(s,t) - X;’Lz)(s)xgnz)(t) <%H(Yn2 1)+ i:g: I(Y,, - 0))> ds dt],

il [ 2 1K %%@”‘4““”?””Gﬁm%=w+ii§mnfm0fkwu
with e deﬁned in (H3) a 1 f f [ (8, 1) — Xp(.s)Xq(t))2]d5 dt,

N=1)2 f f :(NTCZ (s,1) = 25N Cpq(5,1) +°E (Xz(s)xg(t))]ds dt,

<@¢1PLJ;?2“”

m®ﬁ+¥EMﬂ$ﬁwﬂ@m7

N ﬁf] L B (Xp(s)X5() + (1 - 2e N = l)Og,q(s,t)] ds dt,
_ ﬁf[ L <2 (X2(5)X2(0) + (1 20)C2,(5.0) + 222, (s )] ds dt,

o) 0 (k) =0 (3)
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The last step follows from the fact that the integral term does not depend on N and
is finite by assumption (H5) and condition (1) for C, , in Section 2.2. This implies

1/2
. . 2
ITp.q = Tpllop = sup J- (Pp,qf - Pp,qf) (t) dt )
=1 \JI,
= sup f J
llfll=1 \ VI, \YIp

Cauchy Schwarz ~ 2 1z
< sup f f (Coals,t) = Coals)) ds | IFI2 at )
1=1 \Jr, \J1,
) 1/2
< Chol(s,t) = Chol(s,t)) dsdt =0, (N ?).
([, ], (6ot =Gt ) -0, (3 22)

1/2

2
(Cp,q(svt) - ép,q(sa t)) f(s) ds) dt )

Recall that

Zz‘;fﬁ = Cov(&p1,€q.k)

and

290 = Z E0E (i = 1)+ {0 = 0))

fori=1,...,Jp, k=1,...,J3,p,q=1,...,P. AsZ and Z are both symmetric matrices
in R7*7 it holds (cf. Chapter 3.7 in Horn and Johnson (1991))

P Jq
Umax(Z — Z) < max o max Z Z Zl(,fq) . (8)

Letnow [l =1,...,J,, k=1,...,J4 p,q=1,..., P be fixed. By assumption (H7), we
have
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Z{PD _ 2;,5‘1)‘ Cov(&p1,&k) — Z el ( I(Yn = 1) + T 1(Ya = 0))

I lCov((Xy, 650, (Xo, ¢q,k>)
N " e
_ﬁ Z(ngn),qu,ﬁ (XS By 1y (%H(Yn =1)+ 1_ ]?r* (Y, = 0)) 7
= Xy (1)) p,1(5)60.0(2) ds dt
f f 1 ZZ: X(n) )Xt ))¢pz( )q.k( )(%H(Yn =1)
1-Q*
g l(Yn = 0)) ds dt’, ©)
= Cov (X,(8)Xy(t)) Ppi(8) g,k (t) — G&’(Xp(s%Xq(t))ép,z(s)ng,k(t) ds dt
< P,q(svt) [¢p,l(5)¢q,k(t) - Qgp,l(s)(lgq,k(t)] ds dt’

[0~ s8] 8y0(6)60) s .
Iq

Cp,q(s,t) [¢p,l(s)¢q,k(t) - ép,l(s)éq,k(t):” ds dt

IP I‘Z

J’_

(T = Tpa)dna) (030u0) dt
< J J;q prp(sas)l/ch,q(tvt)l/z

bp,1(8)Pg.r(t) — (ng,l(s)ng,k(t)‘ ds dt

+ ds dt,

| (@ =) (O0st0)

||cpp|1/2|cqq||”2(f],fl a6 [000(0) = 00| s -t [ [ [60a06) = 3000 a0 s )
+H(Fp,q_f‘p7q)¢3pylH‘ ) k’»
1/2
||cpp|1/2|cqq||”2<[f J nito asarx [ | Jous® duuto] as dt]
1/2
+ Uf L Sp.(s) = Spals) * s dt x f[ Lq|ng7k(t)|2 ds dt] ) + ‘ | . ol
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¢p,l - (Z)p,l

(Il 1Cuall oot ([0

but— s ¢

|

)

bl

+ Hrp,q — Ty

op

O, (Aq,JqN_l/Q) +0, (AP,JPN—1/2) 10, (N—1/2) 7

0, (max {AqﬁJqul/Q, Aps N2, N*l/Q}) .

The rate for ¢, and ¢,; in the last steps is shown at the beginning of the proof of
Proposition 1. Finally, equation (8) gives

Vmax(Z — Z) < p:nllaxpllenaxJ Z Z O, (maX {Aq“]q]\[—l/27 AP,JPN—l/27 N—I/Z}) 7
77777 P T =1
P Jg

< max ax Z Z O, (max{AJNfl/aAJN*l/{N*1/2}) ,

=1, Pl=1,..J
P Pg=1k=1

< O(Umax)Op (max {AJN71/27N71/2}> <0 (umafol/2 max(l,AJ)) ,

With Umax = maxpy—1

.....

Proof of Prop. 1. Under assumption (H6), using Lemma 4.3. in Bosq (2000) and
the convention ) := o, we get: for j =1,...,J,

H‘ﬁp,j - QBPJH < 2% max [(/\p,jfl - )‘pyj)71> (Ap.j — /\p,j+1)71] Hrp - fp

op

=22 A, |0 - T,

= 0, (8.0, N 1),

op

Based on this result, Lemma 2 states that vy,..(Z — Z) < O, (Umax N2 max(1, A ))
With umax = maxy—1..pJp, and Ay := maxy—1.. pA, . Then, similarly to
Happ and Greven (2018), we deduce the announced convergence results us-
ing Corollary 1 in Yu et al.(2015).
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